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bstract

In order to improve the tracking performance in the practical robot task of time-optimal point-to-point motion when
orque limits and model uncertainty are present, in this paper is introduced an algorithm for on-line time-scaling of the
esired trajectories, which is used along with a conventional trajectory tracking controller. Numerical examples for a
wo-degrees-of-freedom arm are provided, which illustrate the tracking accuracy of the proposed method. © 2006
SA—The Instrumentation, Systems, and Automation Society.
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. Introduction

Point-to-point tasks are often found in many ro-
otic applications, such as parts handling, spot
elding, and pick and place duties. In practice, it

s important that the manipulator performs the
oint-to-point motion in minimum transversal
ime, thus reducing the production cost. At this
tage, the nonlinear constraint of limited torque
nput should be used for planning the desired tra-
ectory.

In practice, the robot motion is specified accord-
ng to physical constraints, such as limited torque
nput. Thus, the computation of the desired trajec-
ory is constrained to attain the physical limit of
ctuator saturations. See, e.g., �1,2� for a review of
rajectory planning algorithms considering the ro-
ot model parameters and torque saturation. Be-
ides, trajectories can also be planned irrespective
f the estimated robot model, i.e., simply by using
onstraints of position, velocity, and acceleration
t each time instant, see, e.g., �3,4�. Once the ref-

*
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019-0578/2006/$ - see front matter © 2006 ISA—The Instrumentat
rence trajectory is specified, the task execution is
chieved in real time by using a trajectory tracking
ontroller. The trajectory tracking, control of ma-
ipulators has been well studied in the past
0 years; see, e.g., Abdallah et al. �5�, Lewis et al.
6�, Sciavicco and Siciliano �7�, and references
herein. Trajectory tracking control in joint space
s specified through trajectories of the joint posi-
ion depending on time, which encode the re-
uested task to be performed by a robot arm. This
ay of formulating the robot manipulator control
as given good results for many practical applica-
ions. Notwithstanding, if parametric errors in the

odel estimation are present, and considering that
he desired trajectories require using the maximum
orque, no margin to suppress the tracking error
ill be available. As a consequence, the manipu-

ator deviates from the desired trajectory and poor
xecution of the task is obtained.
Slowing down of the desired trajectories has

een an alternative to solve the problem of trajec-
ory tracking control considering constrained
orques and model uncertainties. Nevertheless, in-

ependently of the problem of the model distur-

ion, Systems, and Automation Society.
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ances, in the literature we can distinguish off-line
nd on-line algorithms to scale in time the desired
ominal trajectories so that the torque input gen-
rated by the controller remains within the physi-
al limits of the actuators.
Usually the off-line methods for time-scaling re-

uire knowing a priori the exact robot dynamics.
sing this assumption, Hollerbach �8� introduced
technique for time-scaling of off-line planned

rajectories. The main feature of this method is the
ntroduction of a scaling factor to determine
hether a planned trajectory is dynamically real-

zable given actuator torque limits and to bring it
o one that is realizable. The method does not con-
ider the practical situation in that only a rough
stimation of the robot model is available, which
s its main disadvantage. It is noteworthy that this
pproach has been extended to the cases of mul-
iple robots in cooperative tasks �9� and robot ma-
ipulators with elastic joints �10�.
On the other hand, to obviate the drawback of

he assumption that the robot model must be ex-
ctly known, on-line methods for time-scaling of
he desired trajectories have been developed.
amely, Dahl and Nielsen �11� proposed a control

lgorithm which consists in the tracking of a time-
caled trajectory obtained from a specified geo-
etric path and a modified on-line velocity profile.
he method considers an inner loop that slows
own the generated reference trajectory when the
orque input is saturated. In the work proposed by
rai et al. �12�, a feedback control method for
ath tracking which takes the torque saturation
nto account is introduced. The method is based on
ontrolling the components of a new coordinated
ystem called path coordinates. However, this
ethod uses the same internal feedback proposed

y �11�, which is based on the specification of a
elocity profile function.
Motivated by the work of Hollerbach �8�, i.e.,

he introduction in an explicit way of a time-
caling factor in the trajectory planning stage, we
resent in this paper a new optics for tracking con-
rol of robot manipulators under the practical
ituation-limited torques and model uncertainties.

ore specifically, we introduce an algorithm to
omplete time-optimal point-to-point tasks, which
onsists in using a trajectory tracking controller
nd an algorithm for on-line modification of the
eference trajectories according to tracking errors

nd torque/acceleration saturation. The trajectory w
odification is done by controlling this time-
caling factor, whose time evolution responds to
he tracking errors and torque limits. The new

ethod does not require the specification of a ve-
ocity profile, as in �11,12�. The proposed ap-
roach can be applied to perform a wide class of
obotic tasks such as laser cutting, arc welding,
lue dispensing, material removing from conveyor
elts, and other tasks where accuracy is required
o reach forward motion along the geometric path.
umerical simulations are provided to illustrate

he feasibility of the proposed methodology.
It is worthwhile to notice that an important dif-

erence between the proposed approach and the
ne introduced by Hollerbach �8� is that the
ormer is an on-line method while the latter is an
ff-line technique. Besides, the proposed scheme
nly requires a very simple estimation of the robot
odel, which is a significant advantage with re-

pect to the assumption that the robot model must
e exactly known as required in �8�. Due to the
se of a time-scaling factor, the methodology pro-
osed in this paper can be interpreted as the robust
xtension of the algorithm introduced by Holler-
ach �8�.
This paper is organized as follows. Robot mod-

ling is discussed in Section 2. Section 3 is de-
oted to discussing the planning of a time-optimal
oint-to-point motion. In Section 4, we discuss the
rajectory tracking approach to robot control. An
lgorithm for dynamic time-scaling of trajectories
s proposed in Section 5. Simulation results are
resented in Section 6. Finally, in Section 7 some
oncluding remarks are given.

. Robot modeling

The dynamics in joint space of a serial-chain
-link robot manipulator, considering the presence
f friction at the robot joints, can be written as �7�

M�q�q̈ + C�q, q̇�q̇ + g�q� + f�q̇� = � , �1�

here q is the n�1 vector of joint displacements,
˙ is the n�1 vector of joint velocities, � is the

�1 vector of applied torque inputs, M�q� is the
�n symmetric positive-definite inertia matrix,
�q , q̇�q̇ is the n�1 vector of centripetal and Co-

iolis torques, g�q� is the n�1 vector of gravita-
ional torques, and f�q̇� is the vector of forces and
orques due to the viscous and Coulomb friction,

hich, for the ith element, satisfies
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�f i�q̇�� � fCi + fvi�q̇i� ,

here fCi and fvi are positive constants, and i
1, . . . ,n.
Let T denotes the torque space, defined as

T = �� � Rn:�i
min � �i � �i

max�, i = 1, . . . ,n ,

�2�

ith �i
max the maximum torque input and �i

min the
inimum torque input for the ith joint. It is as-

umed that

fCi + k̄gi � �i
max, i = 1, . . . ,n , �3�

here

�gi�q�� � k̄gi,

i�q� is the ith element of the vector g�q�. As-
umption �3� ensures that any joint position q is
eachable.

In general, taking into account the nonlinear ro-
ot model �1� for control and motion planning
ay be a difficult task. See, e.g., �1� for a refer-

nce on time-optimal trajectory planning algo-
ithms considering the nonlinear model �1� subject
o constrained torques ��T.

On the other hand, carrying out an estimation of
he nonlinear robot model �1� can be demanding
ork, especially for high degree-of-freedom ro-
ots. Thus, a very simple estimation of the robot
odel �1� is the decoupled second-order plant

m̂iq̈i = �i, i = 1, . . . ,n , �4�

here m̂i denotes an estimation of the inertia cor-
esponding to the ith link, and qi and �i are the
obot joint position and torque input, respectively.
n this paper, model �4� is referred to as the nomi-
al robot model. In practice, designing a motion
ontroller and motion trajectories for the nominal
odel �4� is easier than for the general nonlinear
odel �1�, because we are interpreting the robot

ystem as a set of decoupled integrators.

. Planning of point-to-point motions

With an academic point of view, in this section
e provide the explicit derivation of a time-
ptimal class of point-to-point motions. The stud-

ed class of motions is encoded by the path t
qd�s� = �a1s + b1

]

ans + bn
	, s � �s0,sf� , �5�

here 0�s0�sf, a1 , . . . ,an, and b1 , . . . ,bn are
onstants, and s is called the path parameter. Let
s notice that any path of the form �5� can be
lanned using 0�s0�sf. This assumption will be
equired in the proposed algorithm of time-scaling
f trajectories. The task is completely determined
pecifying the path parameter s as a function of
ime. The function s�t� must satisfy either a cost
unction or restrictions in position, velocity, and
cceleration at the beginning and end of the mo-
ion. We are interested in minimal time
xecution—cost function—subject to limited
orque input.

The optimal point-to-point motion problem can
e stated as follows: Minimize the performance
easure—cost function—

J = 

t0

tf

1dt = tf − t0,

here t0 is the initial time and tf is the final time,
ubject to the nominal robot dynamics �4�, the po-
ition constraints

qi = qdi�s� = ais + bi, s0 � s � sf ,

he boundary conditions

s�t0� = s0, s�tf� = sf ,

ṡ�t0� = 0, ṡ�tf� = 0, �6�

nd the actuator constraint �i�T, where the
orque space T has been defined in �2�,

T = ��i � R:�i
min � �i � �i

max�, i = 1, . . . ,n ,

A physical meaning of the boundary conditions
6� in the optimal point-to-point motion problem
tated above is that the robot should start and fin-
sh the motion with velocity zero. Hence a time-
ptimal control in the torque space �2�, i.e., �i
T, should drive the robot dynamics �4� from the

nitial state

�qi�t0�
q̇i�t0�� = �ais�t0� + bi

aiṡ�t0� � �7�
o the final state
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�qi�tf�
q̇i�tf�

� = �ais�tf� + bi

aiṡ�tf�
� �8�

n minimum transversal time J= tf − t0.
Using the path �5�, a minimum-time trajectory

d�s�t�� can be planned when the joint actuator
orque is limited. In order to show that, let us no-
ice that the robot dynamics �4� is constrained to
he position specified by the path �5�, whereby we
an write

m̂iais̈ = �i. �9�

herefore, the admissible values of s̈ that satisfy
he time-optimal criterion can be computed by
nding the maximum and minimum admissible s̈
n the torque space �2�. Thus, the path accelera-
ion s̈ is constrained by

�i
min

m̂iai
� s̈ �

�i
max

m̂iai
, i = 1, . . . ,n . �10�

Moreover, we can write system �9� in state vari-
bles

d

dt
�s

ṡ
� = �0

s̈
� , �11�

here s̈ should satisfy inequality �10�. By invok-
ng the Pontryagin maximum principle �13�, it is
ossible to show that for system �11�—subject to
he boundary constraints �6�—the transversal time

Fig. 1. Block diagram of
= t0− tf is minimized using fi
s̈ = 
s̈max, t0 � t � ts,

s̈min, ts � t � tf ,
� �12�

here ts is the switching time, and

s̈max = min
i

 �i

max

m̂iai
� , �13�

s̈min = max
i

 �i

min

m̂iai
� . �14�

t is worthwhile to note that input s̈ in �12� for
ystem �11� satisfies the constraint �10�.
Thus, the controls in the torque space �2� that

olve the optimal point-to-point problem stated
efore are obtained from Eqs. �9� and �12�,

�i = 
�i
sup for all t0 � t � ts,

�i
inf for all ts � t � tf ,

� �15�

here �i
sup and �i

inf are defined as follows:

�i
sup = m̂iai�min

j

 � j

max

m̂jaj
�� ,

�i
inf = m̂iai�max

j

 � j

min

m̂jaj
�� ,

ith j=1, . . . ,n, and ts is the switching time.
Using controls �12� in the system �11�, we can

jectory tracking control.
the tra
nd the time evolution of the path parameter s�t�,
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s�t� = � s̈max
�t − t0�2

2
+ s0, t0 � t � ts,

s̈min
�t − ts�2

2
+ ṡs�t − ts� + ss, ts � t � tf ,�

�16�

here ss=s�ts� and ṡs= ṡ�ts�.
With boundary conditions �6� and Eq. �16�, it is

ossible to obtain the following nonlinear equa-
ion system:

sf = s̈min
�tf − ts�2

2
+ ṡs�tf − ts� + ss, �17�

ṡs = s̈max�ts − t0� , �18�

0 = s̈min�tf − ts� + ṡs, �19�

ss = s̈max
�ts − t0�2

2
+ s0. �20�

y solving the equation system �17�–�20�, it is
ossible to obtain the numerical values of ts, tf,
�ts�=ss, and ṡ�ts�= ṡs.
In this way, applying the time-optimal controls

15� into the system �4�, we find that qi�t�=qri�t�,
here

qri�t� = ais�t� + bi, �21�

ith s�t� given by �16�. The function qri�t� in �21�
s called the nominal trajectory. In conclusion, the
ath �5� and path parameter s�t� in �16� encode the
ask of time-optimal point-to-point motion under
orque input constraints.

The realization of the point-to-point task en-

oded by the desired path qd�t� in �5� and the t

he signals �ep�t� ep�t� � can be shown follow-

i
T

t
t

ime-optimal path parameter s�t� in �16� is carried
ut using a trajectory tracking controller. In the
ext section this subject is discussed.

. Trajectory tracking control

Trajectory tracking control is the classical ap-
roach to solving a point-to-point task specified by
he nominal trajectory �21�. Let us consider the
ollowing trajectory tracking controller:

�i = m̂iq̈ri + kviėpi + kpiepi, �22�

here i=1, . . . ,n, kvi and kpi are positive con-
tants, and

epi = qri − qi = ais + bi − qi,

ėpi = q̇ri − qi = aiṡ − q̇i.

ig. 1 shows a block diagram of the decentralized
mplementation of the trajectory tracking control-
er �22�.

Let us suppose that no torque saturation is
resent and the robot dynamics is governed by a
et of n decoupled integrators, i.e., by the nominal
odel �4�. Then, the control law �22� leads to the

losed-loop system,

m̂iëpi + kviėpi + kpiepi = 0, i = 1, . . . ,n ,

�23�

hich is an exponentially stable system because
vi, kpi�0. However, Eq. �23� does not represent
he real closed-loop system because the control
aw �22� is only based on the estimation of the link
nertia m̂i, hence the uncompensated dynamics can
e interpreted as disturbances. By using the robot
ynamics �1�, the robust trajectory tracking con-

rol system �22� leads to the system
d

dt
�ep

ėp
� = � ėp

M�q�−1�− Kvėp − Kpep + �M�q� − M̂�q̈r�t� + C�q, q̇�q̇ + g�q� + f�q̇��
� , �24�
here ep= �ep1 , . . . ,epn�T, qr�t�=qd�s�t��
�qd1�s�t�� , . . . ,qdn�s�t���T, M̂ =diag�m̂1 , . . . ,m̂n�,
v=diag�kv1 , . . . ,kvn�, and

p=diag�kp1 , . . . ,kpn�. Uniform boundedness of
T ˙ T T
ng the results described in either Chap. 4 in �6� or
heorem 1 in �14�.
Notwithstanding, the torque provided by the ac-

uators is always limited and time-optimal robotic
asks are given in terms of planned trajectories that
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se the maximum available torque. Therefore,
here is no room for extra torque of the feedback
ontrol action for compensating the model distur-
ances, and large tracking errors would be present.
n consequence, in the condition of saturated
orque, the closed-loop system �24� is no longer
alid.
An approach of dynamic time-scaling of trajec-

ories can be used to keep the produced torques in
he physical actuator limits and to improve the
racking accuracy.

. Dynamic time-scaling of trajectories

Let us define a new path parameter in the fol-
owing way:

��t� = c�t�s�t� , �25�

here c�t� is a scalar function called the time-
caling factor. The desired timed trajectory is ob-
ained using the new path parameter �25� into the
ath �5� as a function of time,

q̄ri�t� = qdi���t�� = qdi�c�t�s�t�� . �26�

he signal c�t� in �26� is a time-scaling factor of
he nominal trajectory qri�t� in �21�. The introduc-
ion of a time-scaling factor c�t� is also used in the
onrobust algorithm proposed in �8�. The
ominal—desired—value of the time scaling fac-
or c�t� is 1. It is easy to see that when no time-
caling is present, the time evolution of ��t� is
dentical to s�t�, and q̄ri�t�=qri�t�, where qri�t� is

Fig. 2. Block diagram of the prop
iven by �21�. The effect of the time-scaling factor r
�t� is that the trajectory q̄ri�t� is sped up for
�t��1, while for c�t��1 the movement is
lowed down. Thus, movement speed can be dy-
amically changed to compensate errors in the re-
ulting tracking performance of trajectory q̄ri�t� in
26�.

The time derivative of �25� is given as follows:

�̇�t� = ċ�t�s�t� + c�t�ṡ�t� ,

nd the path acceleration �̈ is

�̈�t� = c̈�t�s�t� + �„c�t�, ċ�t�, ṡ�t�, s̈�t�… , �27�

here

�„c�t�, ċ�t�, ṡ�t�, s̈�t�… = 2ċ�t�ṡ�t� + c�t�s̈�t� .

he signal c̈�t� in �27� is called time-scaling ac-
eleration.
Let us consider the trajectory tracking controller

iven by Eq. �22� with desired trajectory q̄ri�t� in
26�. This trajectory tracking controller can be
ritten in terms of the new parameter � as fol-

ows:

�i = m̂iai�̈ + kviėpi + kpiepi, �28�

here

epi = q̄ri�t� − qi = qdi�c�t�s�t�� − qi, �29�

ėpi = q̇̄ri�t� − q̇i = q̇di�c�t�s�t�� − q̇i. �30�

he path acceleration �̈ is constrained by the satu-

rajectory time-scaling algorithm.
osed t
ation,
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�̈i
min � �̈�t� � �̈i

max,

here

�̈i
min =

�i
min − kviėpi − kpiepi

m̂iai
,

�̈i
max =

�i
max − kviėpi − kpiepi

m̂iai
.

t is easy to see that �̈�t� in Eq. �27� depends on
¨�t�. In this way, instead of constraining the path
cceleration �̈�t�, it is possible to constrain the
caling acceleration c̈�t� using the limits of torque
nput for each joint i,

c̈i
min � c̈ � c̈i

max,

here

c̈i
min = � �i

min − kviėpi − kpiepi

m̂iai
− ��c, ċ, ṡ, s̈��1

s
,

c̈i
max = � �i

max − kviėpi − kpiepi

m̂iai
− ��c, ċ, ṡ, s̈��1

s
.

et us remark that for computing the values of
¨i

min and c̈i
max, the assumption that s0�0 is re-

uired to avoid c̈i
min and c̈i

max becoming undeter-
ined.
The limits of the time-scaling acceleration c̈ are

iven by

c̈max = min
i

�c̈i
max� , �31�

c̈min = max
i

�c̈i
min� . �32�

he values of c̈max and c̈min depend on s, ṡ, s̈, c, ċ,
nd measured signals qi, q̇i. The bounding limits
f the time-scaling acceleration in �31� and �32�
rovide a way of modifying the reference trajec-
ory �26�, so that the torque limits are satisfied.

Considering the limits �31� and �32�, we should
esign an internal feedback to drive the time-
caling factor c�t� in a proper way. The proposed
nternal feedback is given by

d
c = ċ , �33�
dt
d

dt
ċ = sat�u; c̈min, c̈max� , �34�

ith initial conditions c�t0�=1, and ċ�t0�=0, satu-
ation function

sat�u; c̈min, c̈max�

= � u for all c̈min � u � c̈max,

c̈min for all u � c̈min,

c̈max for all u � c̈max,
�

nd

u = − kvcċ + kpc�1 − c� . �35�

n Eq. �35�, kvc and kpc are positive constants. If
he saturation function is not active, system �34�
atisfies

c̈ + kvcċ + kpc�c − 1� = 0,

hich is a stable system and c�t� converges to one
xponentially as time increases. In this way, if the
esulting reference trajectory q̄ri�c�t�s�t�� is inad-
issible in the sense of unacceptable torques, then

t will be modified by the internal feedback �33�
nd �34�, limiting the time-scaling acceleration

¨�t�. Fig. 2 depicts a block diagram of the decen-
ralized controller and time-scaling algorithm �28�
nd �33�–�35�.
It is worthwhile to note that the proposed time-

caling method is independent of the definition of
ath parameter s�t�. Other definitions of the path
arameter s�t� considering different characteristics
n its time evolution can be used along the lines of
he proposed time algorithm. See, e.g., �4,3� for
ther planning algorithms of s�t�.
Using the discussed technique with observations
ade before, a point-to-point task can be per-

ormed by the following steps:

Step 1. Specify the initial and final configura-
ion and the desired path qd�s� following the struc-
ure of Eq. �5� and using the assumption sf �s0

0.
Step 2. Using the torque limits and the estima-

ions of the link inertias m̂i, compute the path pa-
ameter s�t� as discussed in the procedure of Sec-
ion 3.

Step 3. Program the tracking controller using
he q̄d�c�t�s�t�� as desired trajectory and Eqs.
28�–�30�.
Step 4. Carry out the calculations of the maxi-
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um and minimum time-scaling acceleration, c̈max

nd c̈min, respectively, following Eqs. �31� and
32�.

Step 5. Implement Eqs. �33�–�35�, which pro-
ide the update of the time-scaling factor c�t� used
n the desired trajectory q̄ �c�t�s�t��.
d

m1 = 2.0 �Nm sec /rad� ,

a

m
=
=
l
=

d

a

We have provided a method to slow down the
esired trajectories q̄ri�t�=qdi�c�t�s�t�� so that the
enerated torque �28� will be into the torque space
. The position and velocity tracking error dynam-

cs can be written as
d

dt
�ep

ep
� = � ėp

M�q�−1�− Kvėp − Kpep + �M�q� − M̂�q̈̄r�t� + C�q, q̇�q̇ + g�q� + f�q̇��
� ,
here ep= �ep1 , . . . ,epn�T, epi defined in Eq. �29�,

q̈̄r�t� =
d

dt
qd�c�t�s�t��

= �a1

]

an
	�c̈�t�s�t� + 2ċ�t�ṡ�t� + c�t�s̈�t��

ith c�t�, ċ�t�, and c̈�t� obtained through the inter-
al feedback �33�–�35�, Kv=diag�kv1 , . . . ,kvn�,
nd Kp=diag�kp1 , . . . ,kpn�. Because all the condi-
ions described in either Chap. 4 in �6� or Theorem

in �14� are satisfied, we can claim the uniform
oundedness of �ep�t�T ėp�t�T�T. Thus, the perfor-
ance can be improved by selecting properly the

ontrol gains Kv=diag�kv1 , . . . ,kvn� and Kp
diag�kp1 , . . . ,kpn�. In general, a high numerical
alue of Kp is a good choice.

. Simulation results

We have evaluated in simulations the perfor-
ance of the proposed scheme. We have used the
odel of the two-link planar robot described in

15,16�, which is given in the Appendix for self-
ontents of this paper. Let us remark that the ma-
ipulator utilized for simulation tests is a real sys-
em built on direct-drive technology. This has the
eature that the robot dynamics is really nonlinear,
hich is important from the control point of view.
For the implementation of the controllers and

lanning of the trajectories, we chose

ˆ 2
m̂2 = 0.1 �Nm sec2/rad� ,

s estimations of the link inertias.
The task consists in performing a point-to-point
otion from the home position �q1�t0� q2�t0��T

�0 0�T to the final position �q1�tf� q2�tf��T

�� /4 � /4�T �rad� in minimum time. The torque
imits are �1

max=45, �1
min=−45, �2

max=4, and �2
min

−4.
The requested task is encoded by the following

esired path:

qd�s� = �s − 1

s − 1
�, s � �1,1 + �/4� ,

nd by the time-optimal path parameter
Fig. 3. Trajectory tracking control.
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s�t� = 
 11.25t2 + 1, 0 � t � ts,

− 11.25�t − ts�2 + 4.2�t − ts� + 1 + �/8, ts � t � tf ,
� �36�
w

T
�
i
o
c
v
o
w
=
s
t
i
t
t
p
t
o

6

t

here ts=0.1868 �sec� and tf =0.3736 �sec�,
hich was computed using Eqs. �17� and �18�
ith t0=0.

.1. Tracking control

We carried out a simulation with the trajectory
racking controller given by Eq. �22�. The used
ains were

kp1 = 4000, kp2 = 4000,

kv1 = 10, kp2 = 10. �37�

he reason to use high proportional gain kpi is to
eject as much as possible the unmodeled dynam-
cs and then obtain a stiff response. In other
ords, high proportional gain allows that the ulti-
ate bound of the signals epi�t� and ėpi�t�, i
1,2, be small ��6�, Chap. 4�. It is noteworthy that

his only holds under the assumption that the ac-
uators provide unlimited torque.

The resulting numerical simulation is shown is
ig. 3, where we depict the time evolution of the

oint positions and the applied torques. It is ob-
erved that the control inputs �1 and �2 are satu-
ated at the same time, which is not natural in
inimum time controls �12�.

.2. Dahl and Nielsen [9] scheme

Dahl and Nielsen �11� introduced a technique to
cale in time the reference trajectories. This tech-
ique is outlined here,

�i = m̂iai�̈ + kviėpi + kpiepi, �38�

here epi=qdi���−qi, ėpi= �d /dt�qdi���− q̇i, and
is obtained from the internal feedback

d

dt
� = �̇ , �39�

d
�̇ = sat�u,�̈min,�̈min� , �40�
dt g
u = v2��� +
	

2
�v1���2 − �̇2� , �41�

ith 	�0 and

�̈min = max
i

 �i

min − kviėpi − kpiepi

m̂iai
� ,

�̈max = min
i

 �i

max − kviėpi − kpiepi

m̂iai
� ,

v1��� = �
�2s̈max�� − s0� , s0 � � � ss,

�2s̈min�� − sf� + ṡs
2, ss � � � sf ,

0 elsewhere,
�

v2��� = �s̈max, s0 � � � ss,

s̈min, ss � � � sf,�55�
0 elsewhere.

� �42�

he initial conditions for the system �39�–�41� are
�0�=s0 and �̇�0�=v1�s0�=0. The function v1���

n �42� is denoted velocity profile. Further details
n the rationale behind the algorithm �38�–�42�
an be found in �11�. Note that the parameters in-
olved in the velocity profile function �42� can be
btained through the path parameter s�t� in �36�,
hich are for the simulation example ss=1.39, ṡs

4.2, sf =1.78, s̈max=22.5, and s̈min=−22.5. The
imulation was done using the numerical value of
he control gains kvi and kpi in �37� for the torque
nput �38�. In addition, we set 	=5000 in the in-
ernal feedback �39� and �40�. Fig. 4 shows the
ime evolution of the joint positions and the ap-
lied torques. Smooth response of the joint posi-
ions is observed and no simultaneous saturation
f the torque inputs �1 and �2 is achieved.

.3. Proposed scheme

The proposed scheme of time-scaling of trajec-
ories �28� and �33�–�35� was simulated using the

ains �37�, which was done to keep a similar con-
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ition in simulations of the classical tracking con-
rol and the Dahl and Nielsen method. Besides, we
elected

kvc = 100 and kpc = 2500,

hich were chosen to obtain a critically damped
ystem in the internal feedback �35�, i.e., kvc

2�kpc.
Fig. 5 shows the time history of the robot joint

ositions and the applied torques. It is observed
hat at the planned minimum time tf, the tracking
rror is very small. Moreover, the time evolution
f the applied torques is well-behaved since no

Fig. 4. Dahl and Nielsen scheme.

ig. 5. Proposed scheme of dynamic time scaling of

trajectories.
ultiple saturations are presented, like in the
imulation of the Dahl and Nielsen method. In-
pection of Figs. 4 and 5 shows that no important
ifferences in the performance of the Dahl and
ielsen scheme with respect to the proposed

cheme are obtained.

.4. Discussions

Visual examination of Figs. 3–5 is not suitable
or quantitative description of the closed-loop per-
ormance, but tracking errors can be a useful per-
ormance index.

Tracking errors for the three approaches are de-
icted in Fig. 6. For the trajectory tracking control
22� it is observed that the bigger tracking error
eak for ep1�t� it is 0.2 �rad�, while for ep2�t� it is
.11 �rad�. For the values of the gains in the in-
ernal feedback used in the Dahl and Nielsen
cheme and the proposed scheme of time-scaling
f trajectories, the same numerical value of bigger
racking error peak is obtained. Specifically, for
p1�t� it is 0.01 �rad�, while for ep2�t� it is
.001 �rad�. The improvement of the performance
sing either the Dahl and Nielsen scheme or the
roposed scheme with respect to the classical tra-
ectory tracking control is 95% and 99.1% for
oint 1 and 2, respectively. It is important to re-

ark that in the Dahl and Nielsen scheme, the
efinition of the tracking error signal definition is
pi=qdi���−qi, where � obtained from �39�–�41�,
nd in the proposed scheme epi=qdi�cs�−qi, with
obtained from �33�–�35�.
The tracking errors are bigger in the trajectory

Fig. 6. Tracking errors in the three approaches.
racking approach because the time-optimal con-
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rols require more torque than is available. In par-
icular, the proposed scheme gives a better result
han the classical approach of tracking control
22�, because it rejects the unmodeled dynamics
lowing down the reference trajectory qri�t�
qdi�c�t�s�t��. Finally, in Fig. 7 is presented the

ime evolution of the time-scaling factor c�t�.

. Summary

This paper addressed the problem of time-
ptimal trajectory tracking of point-to-point ro-
otic tasks under constrained torque inputs. As-
uming a nominal robot system consisting in n
ecoupled double integrators, we propose an algo-
ithm for the time-scaling of a minimum time tra-
ectory. The algorithm is based on a time-scaling
actor that changes dynamically in accordance
ith to the torque limits and tracking errors. As

hown by simulation results, the proposed ap-
roach has better performance than the classical
pproach of trajectory tracking control, while no
mportant differences in the performance with re-
pect to the Dahl and Nielsen scheme were found.

ppendix

With reference to the symbols listed in Table 1

Fig. 7. Time evolution of the time-scaling factor c�t�.

able 1
arameters of the manipulator.

notation value unit
Length link 1 l1 0.45 m
Length link 2 l2 0.45 m

ink �1� center of gravity lc1 0.091 m
ink �2� center of gravity lc2 0.048 m

Mass link 1 m1 23.90 kg
Mass link 2 m2 3.88 kg
Inertia link 1 I1 1.27 kg m2

Inertia link 2 I2 0.09 kg m2

Gravity acceleration g 9.8 m/sec2
v

nd Fig. 8, the entries of the experimental robot
rm described in �15,16� are presented below.
The elements Mij�q��i , j=1,2� of the inertia
atrix M�q� are

M11�q� = m1lc1
2 + m2�l1

2 + lc2
2 + 2l1lc2 cos�q2�� + I1

+ I2,

M12�q� = m2�lc2
2 + l1lc2 cos�q2�� + I2,

M21�q� = m2�lc2
2 + l1lc2 cos�q2�� + I2,

M22�q� = m2lc2
2 + I2.

The elements Cij�q , q̇��i , j=1,2� from the cen-
rifugal and Coriolis matrix C�q , q̇� are

C11�q, q̇� = − m2l1lc2 sin�q2�q̇2,

C12�q, q̇� = − m2l1lc2 sin�q2��q̇1 + q̇2� ,

C21�q, q̇� = m2l1lc2 sin�q2�q̇1,

C22�q, q̇� = 0.

The entries of the gravitational torque vector
�q� are given by

g1�q� = �m1lc1 + m2l1�g sin�q1�

+ m2lc2g sin�q1 + q2� ,

g2�q� = m2lc2g sin�q1 + q2� .

inally, entries of the vector of torques due to the

Fig. 8. Robot manipulator.
iscous and Coulomb friction f�q� are given by
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f1�q̇� = b1q̇1 + fC1 sgn�q̇1� ,

f2�q̇� = b2q̇2 + fC2 sgn�q̇2� ,

here the coefficients are b1=2.288 �N m sec�,
fC1=7.5 �N m�, b2=0.175 �N m sec�, and fC2

1.7 �N m�.
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