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DYNAMIC POSITIONING CONTROL OF SHIPS VIA RELAY
OBSERVER DESIGN

Javier Moreno-Valenzuela and Leonardo Acho-Zuppa

ABSTRACT

A dynamically positioned ship maintains its position (fixed location or
predetermined track) exclusively by means of active thrusters. In this paper,
a control scheme for dynamic positioning control of ships using a relay ob-
server design is presented. Our analysis relies on nonsmooth strict Lyapunov
functions to demonstrate global asymptotic stability of the closed-loop sys-
tem equilibrium. Using simulation results we illustrate the good performance
of the proposed scheme under noisy ship position measurements.

KeyWords: Ships, positioning control, relay observers, asymptotic stabil-

ity.

L INTRODUCTION

A ship control system where the ship position is
controlled exclusively by means of thrusters and main
propellers aft of the ship defines a dynamic positioning
system. Different type of thrusters devices are available
like tunnel thrusters which can produce thrust in the
sideway direction and azimuth thrusters which are usu-
ally mounted under the hull of the ship [1,2].

The observer design for implementation of control-
lers applied to ships is important because the instru-
ments used to navigate the ship, in many cases, only
give position information. Thus, controller design for
ships requires estimation of the velocities and filtering
of the position measurements. In conventional feedback
ship control systems, the ship velocities are often esti-
mated by using Kalman filtering, under the assumption
that the ship model is linear around the operation points.
The provisional nature of the linearization approach
does not guarantee the desired stability convergence
properties, which mean a poor performance of the con-
trol/observer system. Considering a nonlinear ship
model, the accuracy of the observation of state vector
can be improved. In this respect, most of the observers
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obtained for ships (see, e.g., [3,4], and [2]) involves
asymptotic or exponential convergence of the observa-
tion to its true values. However, using variable structure
theory, it is also possible to design an observer with
good performance. Moreover, the discontinuous being
of the relay observers improves the robustness proper-
ties of the control system against external perturbations
[5.6].

We use these ideas to design a controller based on a
relay observer to solve the problem of dynamic posi-
tioning of ships. Based in previous studies on dynamic
positioning control of ships [1-4,7,8], the design of con-
trollers with relay observers for ships is a novel result.
The present work results in an application of the theory
of variable structure systems, like to the surveyed in [9]
and [10], in the problem of dynamic positioning control
of ships. We use analysis tools for right-hand discon-
tinuous systems. Namely, nonsmooth strict Lyapunov
functions, which allow us to conclude global asymptotic
stability of the system equilibrium without invoking the
LaSalle theorem, that in general, for dynamic systems
governed by differential inclusions fails because of the
ambiguous behavior of the system solutions [5].

The organization of the paper is as follows. In Sec-
tion 2 the problem statement of position control of ships
is presented. Section 3 deals with the relay observer
design, which contains switching terms via sign function.
Section 4 illustrates a new control law for dynamic ship
positioning using the designed relay observer introduced
in Section 3. Section 5 is dedicated to present simulation
results to support our theoretical results. Finally, in Sec-
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tion 6, some concluding remarks are written.
Throughout this paper the following notation will

be adopted. A,.,,{4} and A, {4} denote the minimum

and maximum eigenvalues of a symmetric positive defi-

nite matrix 4eR"", respectively. ||x|| =vx'x stands
for the Euclidean norm of vector xeR", ||x||; = | x|
+ ... * |x,| stands for the sum norm (or /; norm) on R”,

and || B||=+[A,,,, {B" B} is the induced norm of a matrix

BeR™. The abbreviation a.e. means “almost every-
where with respect to the Lebesgue measure™.

In this paper we used properties of the tangent hy-
perbolic function, which is defined as

X —-x

tanh(x) = £<—°

. x

e +e

The tangent hyperbolic function can be arranged in a
vector in the following way:

tanh(z) = [tanh(z,), ..., tanh(z,)]’ .

and the following properties are accomplished by
tanh(z)

(a) The Euclidean norm of tanh(z) satisfies:

=] VzeR"

Jn VzeR".

(b) The time derivative of tanh(z) is given by

|| tanh(=) || S{

d .
— tanh(z) = Sech™(z) Z .
dt

where Sech®(z) = diag{sech’(z,), ..., sech®(z,)} and

2 1

Sech(x) =— - = .
e +e” cosh(x)

(c) The maximum eigenvalue of the matrix Sech’(z) is
oneforallz e R" ie.,

Ao iSech’(z)} =1 VzeR".
1. PROBLEM FORMULATION

We consider that the ship dynamic model is given
by the next Lagrangian expression [4,1]:

Mv+Dv+Kn=rt, )]

n=Jmv, ()

cos(y) —sin(y) O
J(m)=|sin(y) cos(y) 0, (3
0 0 1

where M is the inertia matrix which include hydrody-
namic inertia, D is the damping matrix, K is the anchor
forces and moments matrix, J(n) is the rotational matrix
in yaw angle y, and t is the vector control forces. The
above dynamics describe the ship motion with respect to
the earth-fixed positions (x, y) and yaw angle y of the
vessel expressed in vector form 1 = [x, v, y]’, whereas
the body-fixed velocities are represented by the vector v
=[u, v, #]". The elements in these state vectors describes
the surge, sway, and yaw modes, respectively [4]; see
Figs. 1 and 2.

We used the following assumptions:
(H1) The inertia matrix M is constant positive definite
and symmetric; i.e., M= M >0,
(H2) The damping matrix D is constant such that
xTDx=%xT[D+DT]x>O Vx#0.

(H3) The time derivative of the matrix J(n) satisfies
the following bound

d 3
—J <|lv VveR. 4
“ — m [ =livll € 4

Ye

Fig. 1. Earth-fixed and ship coordinates frames.

~
(:) ' \\\ v (sway)
} r (yaw mode) \\
Y
zZ |
\J

Fig. 2. Definitions of variables in surge (), sway (v), and
yaw (r) modes for a marine vessel.
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The assumption (HI) is a common assumption for
most low-speed applications [4,2]. Assumption (H2) is a
property of the Lagrangian model in (1); i.e., the matrix
D is strictly positive. Using the relation (2) and the defi-
nition of J(n) in (3), it is possible to demonstrate that
assumption (H3) always holds for all 1, veR’.

The state-space representation of the ship dynamic
model is as follows:

n=J(mv, &)
v=dAn+ 4,v+Brt, 6)
where

A4=-M"'K, 4,=-M"'D, B=M".

In this paper the problem of dynamic positioning of
ships using only attitude measurements is considered.
This problem results in many situations where the ship
velocity is not available from sensors. Thus, the yaw
angle is measured using a gyro compass, and the posi-
tions x and y are assumed to be measured employing a
global position system (GPS), for example, the differen-
tial GPS NAVSTAR [4]. Therefore, under the assump-
tions (HI), (H2), and (H3), the problem is, given the
desired constant position vector 1, design a control law
such that
limv(r)=0,

L oy

limn@)=n, and
1 o

via nonlinear observer; i.e., given a dynamic of the form

N=®,m 079, ek,
V=0, A0, 9), VeR,
where
n=n-1, (N

is the position estimation error, ®,(n, N, 7,v) and
®,(n, M, N, V) are nonlinear functions, the following
limits are satisfied

limf=0 limv=0,
1->0C t—oc
where
V=v-v, (8)

is the velocity estimation error.

III. RELAY OBSERVER DESIGN

In this section we present a modification of the ob-
server design given by [4], which is as follows:

N=Jm)V+K 7, 9)

V= AR+ A, 0+ BT+ K, (A, (10)

where the gains K, and K»(n) are designed in such way
that the next equations are satisfied:

J)' P+ P[4 -K,(m)]=0, (11)
KIP=0, 0=0/, 9>0, (12)
1

5[1)2’42+A2TPZ]:_Q2’ Q2:Q2T’ 0, >0, (13)

where P, and P, are two given symmetric positive defi-
nite matrices. At this stage, it is important to remark that
Eq. (13) implies that matrix 4, is Hurwitz (this assump-
tion is relaxed in [11], where a method is proposed to
find proper observer gains K| and Kx(n) when 4, is not
Hurwitz).

Based on (9)-(10), we introduce the following relay
observer

N=JmY+K, 1+ K, sen(f) (14)

V= AR+ A4, 9+ B+ KR+ K, () sgn(i) .
(15)
where K, = diag{k,i1, k12, Kais}s Koyy > 0,i=1,2, 3,
and K,»(n) is such that
JO)' = PK () =0. (16)
The values of K, and K,(n) are obtained according to
(11)-(13). Note that
sgn(x — x)
sgn(n) = sgn(y—y) |,
sgn(y — )

where the sign function is defined as

1 for x>0,
sgn(x)=<[-1, 1] for x=0,
-1 for x<O0.

Utilizing the state space expression of the ship dy-
namics (5)-(6), the presented relay observer (14)-(15),
and from equations (7)-(8), the observation error dy-
namics can be written as

1=JM)V - K, - K,,, sgn(i), (17

V=14, - K, i+ AV - K, (n) sgn(7). (18)
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Now, let us introduce the nonsmooth Lyapunov function
R R S .
V(9 =@ AR+ TTR )

which is positive definite and proper by construction.
The time derivative of ¥,(1},V) along of the trajectories

of the error dynamics (17)-(18) produces

V,({,9) =7 B[JM)V - K7 - K,, sgn(i)]
+ VP[4 - KR+ 4,5 - K, sgn(f)]

+sgn’ (A) [J()V - K7 — K, sgn(7)]
1 -
< —ﬁTP.K.ﬁ+§V’(P2Az + 45 PV

+9 I OV + P (4 - K1 R
+ 17" () - PK,,(W)]sgn(R) -k, ae.,

where £,, = min{k,;}. Invoking Eqgs. (11)-(13) and (16),
we obtain

V,(#,9) < -7'Qn-v'0,% ae. (19)

We have shown that V,(fi,V) is negative definite be-
yond the manifold 7 =0. Thus, every trajectory started
outside of the discontinuity manifold (7 = 0 ) converges

to it asymptotically. So, it remains to prove that trajec-
tories originated into this discontinuity manifold are

asymptotically stable. To this end, we have that #=0
at the switching manifold N =0, and from (17) we

have

sgn(i)) = K,/ J(n) V. (20)
Using Eq. (20) into the dynamics of v in (18)
(equivalent control method [9]), we have

V=49 - K, (MK IV,
which can be rewritten as

V=L =PI KTV (21)

after using Eq. (16). Thus, taking the time derivative of
V,(0,v)= %QTPZ\*/ , and employing (13), we obtain

V,(0,9) =5 P4 —5TI(m) K, J(n) ¥
=10V -3 K J(m)' V.

Since V,(1,v) is positive definite and radially un-
bounded, and its time derivative V,(®,V) is negative

definite into and out of the discontinuity manifold, we
conclude that the solutions [7(r)" v(¢)" [ of the error
system (17)-(18) converge asymptotically to the trivial
equilibrium  point for all
[A(0)" ¥(0)'T".

initial  conditions

IV. DYNAMIC POSITION CONTROL VIA
RELAY OBSERVER

To solve the position control problem formulated in
Section 2 via relay observer (14) and (15), inspired in
[2]. the next control law is proposed:

1=K, -D]1V-JM) K e, + K, +Kn, (22)
where
en =N—Mg4, (23)

which denotes the position error, K, is a symmetric
positive definite matrix, and K, is a constant matrix.

Substituting the control law (22) into the ship
model (1), and using Eq. (23), the closed-loop system
yields

en=—J(e, +n,) V. 4)

v=—M'Kv-M"Jm)K, e,
+M 'K, -D}V+M 'K §. (25)

Thus, the overall closed-loop system is given by Eqgs.
(17)-(18) and (24)-(25).

To prove asymptotic stability of the trivial equilib-
rium point, consider the next nonsmooth strict
Lyapunov function

. 1 4. 1 _, - €
V(en,v,n,v):g‘q'Pl n+3\7’Pz v+l +EVTMV
E g
+5e; K e, +atanh(e,)" K ,J(n) Mv,

where € and a are strictly positive constants, and ma-
trices P, and P, are positive definite matrices involved
in Eqgs. (11)-(13). The Lyapunov function V(e ,v,1,v)
is positive definite provided that € and « satisfy the
following relationship

[ %o 0K 3 i AM

o< € .
\ o UK 3 A £M}

(26)

The time derivative of V(en,v,ﬁ,fz) along of the over-
all closed-loop system trajectories (17)-(18), and
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(24)-(25), yields

V(e v ¥) =7 RIJ(Y - K, - K, sgn()]
+9TB(A4 — KR+ 4,9 = K, () sgn(i)]
+sgn(A) [JO)V - K, - K, sgn(i)]

—eviKv+eVv[K, —-D]V+ €vTKnﬁ

—actanh(e, )" K ,J(n)K,v—atanh(e, )" K ,J(M)J(n) K ,e,

+atanh(e, )’ K,J(M)[K, - D]V +atanh(e, )’ K ,J(n) K, i

+a tanh(e, )" K ,J(m) Mv
—av' M J(m)' K, Sech®(e, )J(n)v a.e.

By virtue of Eqgs. (11)-(13), and (16), and after some
algebra manipulations, the following upper bound on
V(en,v,ﬁ,\?) is obtained:

Vv, 9) < -G -0,V
— € R AKJIVIPH€ T VI T+ € Tyl v IR
00 4K} R (K 3 | tanh(e, ) [ V||
=& hyyy 4O, } | tanh(e, )|
+ 0 k) Ay £K, ) [ tanh(e ) 1] ]
+ 0 3 A LK, 3 tanh(e ) | R F+ ayy (| V12
where

L=IK =Dl k=K,

0, =K, JJM'K, .
and
1 =NV R A} Ko M4 R AK 3 M (M}

Let us notice that the fact [|J(n)|| = 1 for all neR’, prop-
erties of the tangent hyperbolic function, and property
(H3) in (4) were used.

To establish a conclusion on the convergence of the
state space solutions of the overall closed-loop system,
we construct a matrix form of the upper bound on

V(e,‘, v, M, Vv) as follows:

~ T ~
vl V1]
Viep,vinv)<—|lnll| g |4l
vl vl

1A = {llﬁll}

_uvd %2 v

oA 7= ual
[l tanh(e,) || <3| || tanh(e, ) |

IR e Y
|l tanh(e,) | €4 Il tanhe, ) |

Rk ‘T_{ 1]
il

ae., (27
| tanh(e, ) || € Itanh(en)IJ @0
where
2 . _
E}\’min{QZ} 0 _7kl
— 1 € —
Ql = 0 gkmin {Ql} _7](2 s
€ — € — 1
| —7kl _7](2 5[6 7\’min{1<v}_(x‘YI]—
1
_A’min{Ql} 0
- |3
QZ_ 1 2
0 E[Ekmm{K‘,}—ay]]
1 1 _
_xmin{Ql} __u)\‘max{Kp}kz
- 3 2
2= — 1 ’
-—Ea‘;\‘max {Kp} k> Ea;\‘min {Qe”}

1

1
g[e A’min{K\‘}_a’YI] _Ea}\‘max {Kp}kmax {K\*}

K K] S0h, 10,

1 1 _
_)\‘min{Q2} __o"k1)\’max{Kp}
- | 2 2

QS_ 1 _ 1
_Eakl}\‘ma,\{Kp} E(X'?\‘min{Qe“}

To demonstrate that V(en, v, M, V) is negative definite

ae., ie., it is a negative definite function beyond the
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switching manifold 7 =0, it is necessary to find suffi-

cient conditions for matrices Q ; éz, 63, 0 ,» and
éi, to be positive definites. The sufficient conditions

for Q, tobe positive definite are that

o < <Lt ReS Moo 1K} . (28)
Y1
and
4r . . — 72
< € [ )\‘mm <{QI }}\'mm {K|} € 9k2] , (29)
4}\’min {QI }YI
where (29) implies that
€ < 4}\‘min{Ql})\‘min{Kv} ) (30)

9%
must be achieved, because o and € are strictly positive
constants. The matrix éz i1s positive definite under
inequality (28), while matrix 53 is positive definite if

47‘min {QI }}\‘min {Qe',I }
o< -
N A K p} k>

€1))

The conditions for positive definiteness of @ , are
inequality (28) and
€ 7\‘min {KV}}\’min{Qe“ }

< 9 2 s G
‘YI)\’min{Qe”}_}_z)\‘ma_x{Kp} )‘mm{K\}
Finally, the inequality
27‘min {QZ })\'mfn {Qev }
o< ., (33)

3 (K} TS

must hold for é s tobe apositive definite matrix.

The conditions (26), (28), (29), (31), and (33) can
always be satisfied using a proper selection of € and a.
Hence we have demonstrated that Q , 52 , 53 . 0 I

és are symmetric positive definite matrices, and in
consequence V(en,v,f],\?) in (27) is negative definite

out the switching manifold 7=0.

To analyze the asymptotic behavior of the state
space solutions at =0, consider

- |
V(e v, 0, \/):E\”;’P2 v+§vTMv

e g
+7e]1] K e, +atanh(e, ) K,J(n) Mv.

which is a positive definite function because inequality
(26). After some calculations and using the Eq. (21),
which describes the dynamics of v at the switching
manifold f1=0, it is possible to show that the time

derivative of V{e,,v,0,v) can be upper bounded as
V(,v,0,9) < =4, 4G} V|2

—€ b K3V IP+eR, VI

+ Oy {K 3 {K, 3 || tanh(e, ) [[]] v ]|

~ 0y {0, }|| tanh(e, )|}

+ 0y A (K, || tanhiCe ) || 9 )| +ouy, v
where 0, = O, + Jm)" Ko Jm), and %, . Q... and v,

were defined previously. As before, a matrix form can
be constructed for the time derivative of V(n,v,0,V);

ie.,

V(n.v,0,9) < _[H v HT? {llf’ll}
B T ITRY
I e e
I tanh(e, || €7| || tanhe, )|

vl T vl
) L| tanh(e, ) d QXLI tanh(e, ) |J ’

where
- :lll)\‘mm{Qa} _eI;I
6 2 _elzl e>\'mm{]<v}_0"Y| '

€ A’mm{Kv}_a’Yl

1 _a‘;\‘max {Kp }}\’max{Kv}
Q7 _5 _axmax {Kp})\‘max {K»} |

ok, 10, }

1 R0
Qs_ AR I;I xmax{Kp}

—a IFI }“max{Kp}
o k10, 3

Matrix Q, is positive definite if inequality (28).

€ [Xmin {Qa }}\’min {K\} —-2¢€ ];1] ,
4’Y1}\’min{Qa}

a <

and

€ < xmin{Qa}{Kr} ,
2k
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are satisfied. On the other hand, matrix 67 is positive

definite by virtue of inequalities (28) and (33). Finally,
the condition for @8 to be positive definite is

)”min {Qa }A’min {Qe” }
< p— 2 .
k 1 ;\’max {Kp }

Thus, positive constants o. and € can always be found
such that O . Q,,and 58 are positive definite ma-

trices. Hence the function V(n, v,0,Vv) is negative
definite at the switching manifold 7 =0.

Therefore, since V(e,, v, 1, V) is positive definite
and radially unbounded, and its time derivative
V(e,, Vv, 7, V) is negative definite into and out of the
switching manifold 1 =0, we conclude that the state

space origin of the overall closed-loop system is glob-
ally asymptotically stable.

V. SIMULATIONS RESULTS

Simulations of the proposed scheme using relay
observer have been carried out using the following ship
model [4]:

1.1274 0 0
M= 0 1.8902 -0.0744 |,
0 -0.0744 0.1274

0.0358 0 0
D= 0 0.1183 -0.0124 |,
0 -0.0124 0.0308

and K = 0. This value of K corresponds to a supply ves-
sel (no mooring forces) [1,4]. The numerical simulations
where carried out assuming that the ship positions (x, y,
and v) are corrupted by Gaussian noise with a standard
deviation of 0.5m for x and y, and 2.5° for .

The gains used in the position controller (11)-(13)
were

20 0 O 10 0 O
K,=0 20 0}, K.={0 10 0},
0 0 10 0 0 5

and

5 0 0]
K,=|0 5 0]
0 0 5]

These gains were obtained using:

(3 0 0] 1 00
1)]: 0 3 0 N Q]: O 1 O ?
10 0 1] 00 1
and
001 0 0
Q,=| 0 001 O
0 0 0.01

For the proposed observer we set

10 0 0
K,=|0 10 0.
0 0 1

The gains K, K>(n), and K,»(n) were computed em-
ploying Egs. (11), (13), and (16). The initial conditions
were

M(0)=x(0)=-10m, n,(0)=¥(0)=-10m,
and

n3(0) = w(0) = 30°.

The control was programmed with n, = 0. The value of
P, is straightforward calculated from (13).

The response of the controller (22)-(23) using the
observer proposed in [4], see equations (9)-(10), is
shown in Fig. 3. In the other hand, the performance of
controller (22)-(23) using the discontinuous observer
(14)-(15) is depicted in Fig. 4. The computer simula-
tions shows that the proposed controller with the relay
observer has better response than using the observer
with the relays terms removed, because the ship posi-
tions arrives faster to the desired set-point. Figure 5
compares the time evolution of the control actions for
the controller using each observer. Finally, Fig. 6 de-
picts the performance considering the cumulative energy
defined as

E= J'(j [11(0)2 + 12(0)2 + 13(0)2] do.

‘From this figure better performance is concluded for the

controller using the proposed relay observer.
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Fig. 3. Simulation results using the controller plus observer
with the relays removed: Dotted lines are the noisy
position measurements and solid lines are the esti-
mated ship positions.
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Fig. 4. Simulation results using the controller plus relay ob-
server: Dotted lines are the noisy position measure-
ments and solid lines are the estimated ship positions.

VI. CONCLUDING REMARKS

In this paper we studied the dynamic positioning
control of ships using only position measurements. To
solve this problem we propose a control law and a relay
based observer. In the stability analysis we proposed
nonsmooth strict Lyapunov function, concluding as-
ymptotic stability of the closed-loop system equilibrium.
By numerical simulations, we compared our results with
the proposed in [4], illustrating that the relay-based con-
trol system has better performance than the latter.

a) ©, iw] b) t, ]

-200 200 ) .
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300 . 300 o2
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w00k | A 700A .
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Time [sec] Time [sec]

Fig. 5. Performance of the control law: (a) Using the observer

with the relay terms removed, (b) using the relay ob-

server.
4
10770 E
9”
8,

Control + observer with the relay
terms removed

Control + relay observer

4 6
Time [sec]

Fig. 6. Plots of £ = I(:[r](cs)z+rz(c)2+r3(6)2]dc

for the control law using the observer with relays
terms removed and with the relay observer.
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