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In this paper, a new operational space controller is introduced. The new scheme is based on a primary
loop of joint velocity control and a secondary loop of kinematic control. The use of saturation functions
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in the kinematic controller allows producing on–line bounded acceleration commands, which has the
advantage of preventing possible actuator damage. Sufficient conditions for the uniform asymptotic sta-
bility of this control system are provided. As additional contribution, experimental results carried on a
two degrees-of-freedom direct-drive arm are shown.

© 2010 Elsevier Ltd. All rights reserved.
irect-drive robot

. Introduction

Robot manipulator desired motions are typically specified in
erms of trajectories of the end–effector posture in operational
pace (Canudas et al., 1996; Sciavicco and Siciliano, 2000). In order
o execute the specified task, the inverse kinematics mapping can
e used to translate from desired operational space trajectories
o desired joint space trajectories. However, the computing of the
nverse kinematics map can be a hard work for robots with many
egrees of freedom.

In the pioneering work of resolved-rate control, Whitney (1969)
roposed to use the Jacobian right pseudoinverse to obtain open-

oop joint space velocity commands, which are integrated to obtain
he desired joint position. However, this method may not be
fficient due to unavoidable numerical drift originated by the
pen-loop joint velocity calculation. Another strategy to achieve
perational space control goes through kinematic control (Siciliano,
990), which consists in adding the feedback of the actual opera-
ional space position error into the resolution of the joint space

elocity commands. However, these schemes have assumed that
he robot is enabled with a torque controller which guarantees real-
ime tracking of the resulting joint space position trajectory, which
s a strong assumption, since tracking may not be assured if the
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ONACyT, Mexico.
∗ Corresponding author.

E-mail address: moreno@citedi.mx (J. Moreno–Valenzuela).
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control gains are mistuned and high speed desired trajectories are
requested.

A stability analysis that takes into account the robot dynam-
ics, the torque control law, and the kinematic control algorithm
may provide much insight about the gain tuning and the possibil-
ity to compute a region of initial conditions where the error system
solution goes to zero.

By using a Lyapunov-like analysis, the closed-loop stability of a
kinematic controller used together with torque control law was
studied for the first time in the work by Aicardi et al. (1995).
There, this kind of robot controllers was named hierarchical con-
trol. Other formal studies on control structures based on differential
kinematic algorithms published recently are found in Kelly and
Moreno (2005); Vuong et al. (2009); Wang et al. (2009) and Herman
(2009). Let us notice that most of these designs were focused to
achieve stabilization of the error trajectory instead of assuring cer-
tain improvement of the performance of the executed trajectory.

On the other hand, frequently is found that robot actuators have
a limited ability to respond to acceleration commands. Because
Newton’s second law, the external applied torque is proportional
to the rotational acceleration, which motivates the convenience of
imposing limitations in the desired acceleration to protect the actu-
ators from large control inputs. Thus, the design of a control strategy
to deal with the problem of assuring limited acceleration com-

mands is an important topic in robot control. Particularly, the use of
a control law of that kind avoids off-line replanning of the desired
operational space trajectory and assures closed-loop stability.

The main aim of this paper is to introduce a new operational
space trajectory tracking controller. This new scheme has the struc-

dx.doi.org/10.1016/j.mechrescom.2010.08.001
http://www.sciencedirect.com/science/journal/00936413
http://www.elsevier.com/locate/mechrescom
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ure of a hierarchical controller. More specifically, the proposed
lgorithm is defined by a model-based joint velocity controller,
nd a second order kinematic controller, which has the ability to
roduce bounded commands of joint acceleration due to the use
f saturation functions. Since on-line bounded acceleration com-
ands are produced, the new control law has the advantage of

reventing possible actuator damage. A rigorous stability analysis
f the closed-loop system is provided. Known theory on stabil-
ty of cascaded nonlinear systems as well as standard Lyapunov’s
rguments are invoked. In addition to the theoretical results, the
resent study contributes with experimental evaluations carried
ut in a two degrees-of-freedom direct-drive arm. The real-time
xperiments show the advantage of using saturation functions in
he second order kinematic controller.

This paper is organizated as follows. Section 2 concern to robot
ynamics and problem formulation. In Section 3, the proposed
perational space controller is described, while the closed-loop sta-
ility analysis is discussed in Section 4. Experimental results are
resented in section 5, and some concluding remarks are given in
ection 6.

Throughout this paper the following notation will be adopted.
min{A} and �Max{A}denote the minimum and maximum eigenval-
es of a symmetric positive definite matrix A ∈Rn×n, respectively.

|x|| =
√

xT x stands for the norm of vector x ∈Rn. ||B|| =
√

�M{BT B}
tands for the induced norm of a matrix B(x) ∈Rm×n for all x ∈Rn.
he notation Br denotes the set given by the ball {x ∈Rn : ||x|| ≤ r}.

. Robot dynamics and control aim

The dynamics in joint space of a serial-chain n-link robot manip-
lator considering the presence of friction at the robot joints can
e written as Kelly et al. (2005); Sciavicco and Siciliano (2000);
anudas et al. (1996):

(q)q̈ + C(q, q̇)q̇ + g(q) + Fvq̇ + f Cl(q̇) = � (1)

here q is the n × 1 vector of joint displacements, q̇ is the n × 1
ector of joint velocities, � is the n × 1 vector of applied torque
nputs, M(q) is the n × n symmetric positive definite manipulator
nertia matrix, C(q,q̇)q̇ is the n × 1 vector of centripetal and Cori-
lis torques, g(q) is the n × 1 vector of gravitational torques, Fv is
n × n diagonal positive definite matrix which contains the vis-

ous friction coefficients of each joint, and f Cl(q̇) is a continuous
nd uniformly bounded function, which approaches the behavior
f the Coulomb friction.

The matrix C(q, q̇) —defined by using Christoffel symbols—and
he time derivative of the inertia matrix Ṁ(q) satisfy (Kelly et al.,
005; Canudas et al., 1996):

T
[

1
2

Ṁ(q) − C(q, q̇)
]

x = 0, ∀x, q, q̇ ∈Rn. (2)

Denoting h(q) : Rn → R
m, n ≥ m, the robot direct kinematics,

here q ∈Rn is the joint positions vector, then the position and
rientation y ∈Rm of the end-effector is given by:

= h(q). (3)

he time derivative of the direct kinematic model (3) yields the
ifferential kinematic model:

d ∂h

˙ =

dt
h(q) =

∂q
q̇ = J(q)q̇, (4)

here J(q) is the so-called analytical Jacobian matrix (Canudas et
l., 1996). The robot Jacobian describes a map from velocities in
oint space to velocities in operational space.
esearch Communications 37 (2010) 655–662

The relationship between joint acceleration and operational
space acceleration is given by the second order kinamatics:

ÿ = J(q)q̈ + J̇(q, q̇)q̇, (5)

where J̇(q, q̇) = (d/dt)J(q) ∈Rm×n.
The analytical Jacobian J(q) is assumed of full-rank (rank = m)

and bounded by kJ > 0, i.e.,

||J(q)|| ≤ kJ ∀ qRn. (6)

A useful definition in the coming analysis is:

J(q)† = J(q)T
[
J(q)J(q)T

]−1
,

which is the Jacobian right pseudoinverse (Canudas et al., 1996),
assuming that J(q)J(q)T is nonsingular. Similarly, Jacobian pseudoin-
verse J(q)† is assumed of full-rank (rank=m) and bounded by k†

J > 0,
i.e.,

||J(q)†|| ≤ k†
J ∀ q ∈Rn. (7)

In addition, the matrix J̇(q, q̇) is assumed to satisfy the relation-
ships:

J̇(q, x + z) = J̇(q, x) + J̇(q, z), J̇(q, x)z = J̇(q, z)x, (8)

||J̇(q, x) − J̇(q, z)|| ≤ kJ1||x − z||, (9)

for all x, z ∈Rn. The property (9) means that the map J̇(q, q̇) is glob-
ally Lypschitz in q̇, uniformly in q. It is possible to show that the
direct kinematics a planar two degrees-of-freedom revolute joint
robot satisfies assumptions (8) and (9). Therefore, these assump-
tions resemble properties more than assumptions.

Once the specifications are given in terms of operational space
desired trajectories yd(t), and under assumptions (6) and (7), the
motion control problem in operational space consists in to find a
control law �(t) so that:

lim
t→∞

ỹ(t) = 0, (10)

where ỹ(t) = yd(t) − y(t) denotes the operational space position
error.

Throughout this paper we assume that:

||yd(t)||, ||ẏd(t)||, ||ÿd(t)|| ≤ ˇ, ∀t ≥ 0. (11)

Let us notice that an explicit bound on the parameter ˇ cannot be
given since it depends on the task to be executed by the robot.
However, most of the desired operational space trajectories yd(t)
used in practice satisfy assumption (11). In fact, it is not necessary
to know the precise numerical value of ˇ; although a computer
program could be designed to approach a value.

The assumption (11) is required to show that the desired joint
acceleration is bounded and to analyze the closed-loop system.

3. Proposed operational space controller

As mentioned previously, the hierarchical control structure
(Aicardi et al., 1995) consists in using a primary joint velocity
controller which produces the required robot torque input, and a
secondary position controller that computes the joint acceleration
and velocity commands for the primary loop. This Section concerns
to describe the proposed hierarchical controller.
3.1. Primary loop

In order to solve the problem of operational space motion
control, we first discuss the problem of joint velocity control. A
model-based motion controller, like the ones addressed by Kelly et
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l. (2005), to solve the motion control of robotic manipulators can
e adjusted to accomplish the joint velocity control objective:

lim
→∞

ω̃(t) = 0,

here ω̃(t) = ωd(t) − q̇(t) is the joint velocity error and ωd(t) is
he desired joint velocity. Such a adjustment consist in replac-
ng the “position error” signal by the integral of the velocity error

t

0
ω̃(�)d�. See the paper (Moreno and Kelly, 2003) where the pure

oint velocity tracking control of manipulators is studied.
In Moreno and Kelly (2003), a joint velocity controller based on

he nonadaptive version of the Slotine and Li algorithm (Slotine and
i, 1991) was introduced. Based on such a results, in this paper, a
ew model-based joint velocity controller is introduced:

= M(q)[ω̇d + �ω̃] + C(q, q̇)[ωd + �z] + g(q) + Fvq̇

+ f Cl(q̇) + Kvω̃ + Kiz (12)

˙ = ω̃, (13)

here Kv are Ki are n × n symmetric positive definite matrices, and
is a sufficiently small positive constant.
The controller (12)–(13) uses a constant � instead of the matrix
= K−1

v Ki ∈Rn×n, as it was proposed in Moreno and Kelly (2003).
et us notice that a disadvantage of using the matrix � is the
ncreasing of numerical value of the total gain associated to the
elocity error ω̃ and its integral z, which may eventually excite
nstable modes of the robot arm. In other words, a low value of Kv
ay increase drastically the value of �. Notice also that if � = 0, the

D+ motion control structure (Paden and Panja, 1988) is recovered.

.2. Secondary loop

Kinematic control considers the second order kinematic model
5) as the robot model. Let us define the desired joint acceleration
s:

˙ d = J(q)†
[
ÿd + Kvo�(�v ˙̃y) + Kpo�(�pỹ) − J̇(q, ωd)ωd

]
, (14)

here Kpo and Kvo are m × m symmetric positive definite matri-
es, �d is obtaining from integrating ω̇d with respect to time,
nd the saturation function �(�p,vx) = [�(�p,vx1), . . . , �(�p,vxn)]T

s defined by Zavala-Rio and Santibáñez (2007) as:

(�p,vxi) =

⎧⎪⎪⎪⎨ l + [s − l] tanh

(
�p,vxi − l

s − l

)
, if �p,vxi > l,

�p,vxi, if |�p,vxi| ≤ l, (15)
⎪⎪⎪⎩ −l + [s − l] tanh

(
�p,vxi + l

s − l

)
, if �p,vxi < −l,

here s > l > 0, �p,v > 0, the subindexes p and v refer to the pro-
ortional and derivative parts of the kinematic controller (14),

ig. 1. Block diagram of the proposed operational space controller which is based on a pr
osition controller.
esearch Communications 37 (2010) 655–662 657

respectively, and the desired joint velocity ωd is obtained by inte-
gration of (14) with respect to time. The parameters s, l, �p and �v are
used to modify the the slope and amplitude of the saturation func-
tion �(�p,vxi). Therefore, we can either reinforce or attenuate the
contribution of each part of the controller by selecting those param-
eters. The use of a more simply definition of saturation function
would be possible. For example, for all xi ∈R:

�(�p,vxi) = tanh(�p,vxi), (16)

or:

�(�p,vxi) = �p,vxi√
1 + [�p,vxi]

2
. (17)

The practical assessment with real-time experiments is a way to
know whether or not the use of a saturation function is convenient.
As selection guideline, saturation functions with high slope at the
proximity of the origin allow to reject robot model perturbations
that vary slowly with time.

See Fig. 1 for a block diagram of the implementation of the pro-
posed controller which is described by the primary joint velocity
controller (12)–(13) and the secondary saturated function-based
kinematic control law (14).

4. Closed-loop system analysis

By using the definition of the operational space tracking error
ỹ, the joint velocity error ω̃, the second order kinematic model
(5), property (8), and substituting the controller (12)–(13) into the
robot model (1), the closed–loop system is obtained:

�1 :
d

dt

[
ỹ
˙̃y

]
=

[
˙̃y

−Kvo�(�v ˙̃y) − Kpo�(�pỹ)

]

+
[

0
J(q) ˙̃ω + [J̇(qωd) − J̇(q, q̇)]ω̃

]
, (18)

�2 :
d

dt

[
z
ω̃

]
=

[
ω̃

−�ω̃ − M(q)−1[C(q, q̇)[ω̃ + �z] + Kvω̃ + Kiz]

]
.

(19)

The system (18)–(19) has a cascaded structure (Panteley and
Loria, 2001) of the form:

�1 : ẋ1 = f 1(t, x1) + G(t, x1, x2)x2, (20)
�2 : ẋ2 = f 2(t, x2), (21)

where x1 = [ỹT ˙̃y
T
]
T

∈R2m and x2 = [zT ω̃T ]
T ∈R2n. Note that the

signals [z(t)T ω̃(t)T ]
T ∈R2n, which come from the subsystem �2

imary model–based joint velocity tracking controller and a second order kinematic
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n (19), perturb the subsystem �1 in (18). Besides, the system
18)–(19) is a nonlinear and nonautonomous differential equation

nd the origin of the state space [ỹT ˙̃y
T
zT ω̃T ]

T
= 0 ∈R2m+2n is an

quilibrium point.
It is worth noticing that the perturbing term in (18) can be

ewritten as:[
0 0

−J(q)M(q)−1[�C(q, q̇) + Ki] −J(q)[�I + M(q)−1[C(q, q̇) + Kv]] + [J̇(qωd) − J̇(q, q̇)]

]
×

[
z
ω̃

]
,

hich matches the notation of the perturbing term in the general-
zed subsystem (20).

The rest of this Section is focused in proving that the state space
rigin of the cascaded closed-loop system (18)–(19) is asymptot-
cally stable and in showing that the desired joint acceleration
ommand ω̇d(t) ∈Rn in (14) remains bounded for all time t ≥ 0.

.1. Uniform asymptotic stability

The closed-loop system (18)–(19) has the structure of nonlin-
ar system in cascade. Comprehensive stability results for cascaded
onlinear systems have been reported by Panteley and Loria (2001).
he idea is to exploit the advantage of this type of analysis, which
ssentially consists in verifying the uniform asymptotical stability
f the subsystems �1 (assuming that the perturbing term is null)
nd �2. Besides, the cascaded nonlinear system stability analysis
equires to check a growth rate condition of the perturbing term.

In reference to the class of cascaded nonlinear systems (20)–(21)
e invoke the following result.

emma 1. [Lemma 2 in Panteley and Loria (2001)] If the systems:

′
1 : ẋ1 = f 1(t, x1), (22)

nd �2 in (21) are uniformly globally asymptotically stable, and the
olutions of (20)–(21) are globally uniformly bounded, then (20)–(21)
s uniformly globally asymptotically stable.

roof. See Panteley and Loria (2001). �

The following result is derived from Lemma 1.

orollary 1. If the system�′
1 in (22) and system�2 in (21) are uni-

ormly globally asymptotically stable, and the solutions of (20)–(21)
re locally uniformly bounded, then (20)–(21) is uniformly locally
symptotically stable.

roof. The proof of Corollary 1 is obtained by following the same
teps in the proof of Lemma 2 in Panteley and Loria (2001). Local
rguments are used instead of the global ones. �

To show that the closed-loop system (18)–(19) is locally uni-
ormly asymptotically stable, the Corollary 1 is used. The proof is
resented in an itemized form.

1) The first condition is to prove the uniform global asymptotic
stability of the subsystem �1 with the perturbing term sup-
pressed, that is:

�′
1 :

d

dt

[
ỹ
˙̃y

]
=

[
˙̃y

−Kvo�(�v ˙̃y) − Kpo�(�pỹ)

]
. (23)
By using the Lyapunov function:

W(ỹ, ˙̃y) =
m∑

i=1

kpoi

�p

∫ ỹi

0

�(�pxi)dxi + 1
2

˙̃y
T ˙̃y (24)
esearch Communications 37 (2010) 655–662

and Lasalle’s theorem Khalil (1996), it is possible to show that

[ỹT ˙̃y
T
]
T

= 0 ∈R2m is a globally uniformly asymptotically sta-
ble equilibrium point of �′

1 in (23). Notice that �′
1 in (23) is a

time–invariant system, whereby the uniformity is an implicit
attribute of the equilibrium.

(2) The second step consists in showing that the equilibrium point
of the independent system �2 is globally exponentially stable.
With this aim, inspired in Slotine and Li (1991), we propose the
following Lyapunov function candidate:

V(t, z, ω̃) = 1
2

[ω̃ + �z]T M(q)[ω̃ + �z] + 1
2

zT Kiz. (25)

The time derivative of V(z, ˙̃q) along the trajectories of the
subsystem �2 in (19) becomes:

V̇(t, z, ω̃) = −
[

z
ω̃

]T
[

�Ki
�

2
Kv

�

2
Kv Kv

]
︸ ︷︷ ︸

Q

[
z
ω̃

]
,

where the robot model property (2) was used. A sufficient con-
dition for V̇(t, z, ω̃) to be globally negative definite is that Q > 0.
This is always fulfilled provided that � satisfies:

0 < � <
4�min{Ki}�min{Kv}

�Max{Kv}2
.

Since V(t, z, ω̃) is a positive definite, radially unbounded and
decrescent function, and V̇(t, z, ω̃) is globally negative definite,
the uniform global asymptotic stability of the equilibrium point

[zT ω̃T ]
T = 0 is proven (Khalil, 1996).

(3) Finally, the proof that the trajectories remain bounded for a
compact set of initial conditions is given. Let us consider the
Lyapunov function candidate:

U(t, ỹ, ˙̃y, z, ω̃) = 	W(ỹ, ˙̃y) + V(t, z, ω̃),

with 	 > 0, W(ỹ, ˙̃y) in (24) and V(t, z, ω̃) in (25). Notice that
U(t, ỹ, ˙̃y, z, ω̃) is a positive definite and radially unbounded
function. The time derivative of U(t, ỹ, ˙̃y, z, ω̃) along of the
closed–loop system trajectories (18)–(19) is given by:

U̇(t, ỹ, ˙̃y, z, ω̃) = −	 ˙̃y
T
Kvo�(�v ˙̃y)

+ 	 ˙̃y
T
[J(q) ˙̃ω + [J̇(qωd) − J̇(q, q̇)]ω̃]

−
[

z
ω̃

]T

Q

[
z
ω̃

]
.

By using assumption (6), the fact that ˙̃ω is locally Lypschitz,
property (9), the bounding of the desired operational space tra-
jectories (11), the fact that there always exists a constant k�

such that:

k� ||�(�p,vx)|| ≥ ||x||,

for all ||x ≤ r, with r arbitrarily large, and xT �(�p,vx) ≥
||�(�p,vx)||2, see Zavala-Rio and Santibáñez (2007), the follow-

ing inequalities hold for all [ỹT ˙̃y
T

zT ω̃T ]
T

∈ Br ⊂ R2m+2n:

T 2
−	 ˙̃y Kvo�(�v ˙̃y) ≤ −	�min{Kvo}||�(�v ˙̃y)|| , (26)

	 ˙̃y
T
[J(q) ˙̃ω+[J̇(qωd)−J̇(q, q̇)]ω̃] ≤ 	k�c1||�(�v ˙̃y)||

∣∣∣∣
∣∣∣∣ z

ω̃

∣∣∣∣
∣∣∣∣ , c1>0,

(27)
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−
[

z
ω̃

]T

Q

[
z
ω̃

]
≤ �min{Q }

∣∣∣∣
∣∣∣∣ z

ω̃

∣∣∣∣
∣∣∣∣2

. (28)

By virtue of the inequalities (26)–(28), an upper bound on
U̇(t, ỹ, ˙̃y, z, ω̃) is obtained as follows:

U̇(t, ỹ, ˙̃y, z, ω̃) ≤ −

⎡
⎣ ||�(�v ˙̃y)||∣∣∣∣

∣∣∣∣ z
ω̃

∣∣∣∣
∣∣∣∣

⎤
⎦

⎡
⎣ 	�min{Kvo} −	

1
2

k�c1

−	
1
2

k�c1 �min{Q }

⎤
⎦

×

⎡
⎣ ||�(�v ˙̃y)||∣∣∣∣

∣∣∣∣ z
ω̃

∣∣∣∣
∣∣∣∣

⎤
⎦ . (29)

By Sylvester’s theorem:

0 < 	 <
4�min{Kvo}�min{Q }

k2
�c2

1

(30)

assures that the right-hand side of inequality (29) is negative
definite.

Therefore, U̇(t, ỹ, ˙̃y, z, ω̃) is a locally negative definite func-
tion and the closed-loop is uniformly locally stable (Khalil,
1996), which implies that the closed-loop trajectories remains
bounded for all initial conditions starting at some compact set
S ⊂ Br.

Since all the conditions of Corollary 1 are satisfied, we can claim:

lim
→∞

⎡
⎢⎣

ỹ(t)
˙̃y(t)
z(t)
ω̃(t)

⎤
⎥⎦ = 0,

whereby the operational space motion control objective in Eq.
10) is satisfied with the joint velocity controller (12)–(13) and the
inematic controller (14).

Notice that if the constant ˇ in assumption (11) is numerically
arge, then the constant c1 in inequality (27) should also be nec-
ssarily large. However, by inequality (30), the right-hand side of
nequality (29) is negative definite irrespectively of ˇ and c1. This
mplies that the local asymptotical stability of the state-space ori-
in of the closed-loop system (18)–(19) is only related to the gains
f the controller.

.2. Bounding of desired joint acceleration

An important characteristic of the proposed scheme is
hat it is able to produce bounded commands of desired
oint acceleration, which can be easily proven as shown
ext.

By using the triangle inequality, assumptions (7) and (11),
nd the property ||�(�p,vx)|| ≤ s

√
n, ∀ x ∈Rn, see Zavala-Rio and

antibáñez (2007), a upper bound on the desired joint acceleration
˙ d in (14) can be computed as follows:

|ω̇d(t)|| ≤ k†
J

[
ˇ + s

√
n
[
�Max{Kvo} + �Max{Kpo}

]
+sup

∀t≥0
{||J̇(q(t), ωd(t))ωd(t)||}

]
. (31)

Besides, by using the definition of the joint velocity error ω̃, and
y triangle inequality, we have that:
|ω̃(t)|| + ||q̇(t)|| ≥ ||ωd(t)||, (32)

or all t ≥ 0. Besides, using the differential map (4), and the definition
f the operational space velocity error ˙̃y(t), we obtain:

˙ = J(q)†[ẏd − ˙̃y]. (33)
Fig. 2. Experimental robot manipulator actuated by direct-current motors.

By substituting (33) into (32), using assumptions (7) and (11), we
are able to show that:

||ω̃(t)|| + k†
J || ˙̃y(t)|| + k†

J ˇ ≥ ||ωd(t)||, ∀ t ≥ 0. (34)

Because all the signals on the left-hand side of (34) are uniformly
bounded, then ωd(t) is also uniformly bounded. In consequence, the
upper bound in the right-hand side of inequality (31) exists, i.e., the
desired acceleration ω̇d(t) is bounded.

5. Experimental results

A planar two degrees-of-freedom direct-drive arm has been
built at the CITEDI – IPN Research Center. See Fig. 2 for a CAD
drawing and picture. The system is composed by two DC Pittman
motors operated in current mode with two Advanced Motion Con-
trols servo amplifiers. A Sensoray 626 I/O card is used to read
encoder signals with quadrature included and to transfer control
commands through the D/A channels. A PC running Windows XP,
Matlab, Simulink and Real-Time Windows Target is used to execute
controllers in real-time with a 1 kHz sampling rate.

5.1. Practical considerations

The experimental tests are concerned with the robot pose y
meaning the Cartesian position of the arm tip. The direct kinematics
and Jacobian are given by:

h(q) =
[

l1 sin(q1) + l2 sin(q1 + q2)
−l2 cos(q1) − l2 cos(q1 + q2)

]
,

J(q) =
[

l1 cos(q1) + l2 cos(q1 + q2) l2 cos(q1 + q2)
l2 sin(q1) + l2 sin(q1 + q2) l2 sin(q1 + q2)

]
,

where l1 and l2 are the link length. In the experimental robot
l1=l2=0.15 [m]. The robot is actuated by direct-current motors
equipped with current mode servo amplifiers. Then, the torque
applied to the robot dynamics (1) is given by � = Ku, where K is
a 2 × 2 diagonal positive definite matrix, which is assumed to con-
tain the motor constant of each DC motor actuator. The robot model
can be written as:

K−1
[
M(q)q̈ + C(q, q̇)q̇ + q(q) + Fvq̇ + f Cl(q̇)

]
= u (35)

Specifically, the robot model entries are as follows:[

 + 2
 cos(q ) 
 + 
 cos(q )

]

K−1M(q) = 1 2 2 3 2 2


4 + 
5 cos(q2) 
6
, (36)

K−1C(q, q̇) =
[

−
2 sin(q2)q̇2 −
2 sin(q2)[q̇1 + q̇2]

5 sin(q2)q̇1 0

]
, (37)
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Table 1
Estimated parameters of the experimental robot arm; see Eqs. (36)–(39) for
reference.

Parameter Value Unit Parameter Value Unit


1 0.0480 kg m V/N 
7 0.0070 V s/rad

2 0.0037 kg m V/N 
8 0.0071 V s/rad

3 0.0033 kg m V/N 
9 0.0571 V

K

K

(
r

5

T
m

u

z

w
i

r
i
e
d

y

w
r
q

c

ω

w
p
t
a
d
4

t
c
B
t
w

Table 2
Performance of the two controllers: settling time.

4 0.0161 kg m V/N 
10 0.0067 V

5 0.0220 kg m V/N 
11 0.0554 V

6 0.0162 kg m V/N 
12 0.0105 V

−1Fv = diag{
7, 
8}, (38)

−1fCl(q̇) =

⎡
⎢⎢⎣

k−1
1 fCl1(q̇1) =

{

9 tanh(50q̇1) if q̇1 ≥ 0,


10 tanh(50q̇1) if q̇1 < 0,

k−1
2 fCl2(q̇2) =

{

11 tanh(50q̇2) if q̇2 ≥ 0,

12 tanh(50q̇2) if q̇2 < 0,

⎤
⎥⎥⎦ . (39)

By using the weighted least squares identification method
Gautier et al., 2001), we have estimated the coefficients involved in
obot model (36)–(39), whose numerical value is shown in Table 1.

.2. Results

By using the identified robot model (35), and the parameters in
able 1, the proposed velocity controller (12)–(13) can be imple-
ented as:

= K−1
[
M(q)[ω̇d + �ω̃] + C(q, q̇)[ωd + �z] + Fvq̇ + f Cl(q̇)

]
+ K ′

vω̃ + K ′
i z, (40)

˙ = ω̃, (41)

here K ′
v and K ′

p are 2 × 2 positive definite matrices, whose numer-
cal value is arbitrary.

The experimental evaluation of the proposed control scheme
equires the design of an appropriate desired trajectory which gives
nformation about the performance of the control scheme under
valuation. Periodic trajectories are well suited for that goal. The
esired trajectory chosen for the experimental evaluation was:

d(t) =
[

yd1c + r0 cos(ω0t + �)
yd2c + r0 sin(ω0t + �)

]
[m], (42)

ith parameters yd1c = yd2c = 0.1061 [m], ω0 = v0/r0, v0=0.25 [m/s],
0=0.05 [m] and �=0.1327 [rad]. The robot initial conditions were
(0) = [45 90]T [degrees].

The performance of the new kinematic controller (14) has been
ompared with respect to:

˙ d = J(q)†
[
ÿd + Kvo ˙̃y + Kpoỹ − J̇(qωd)ωd

]
, (43)

hich does not have any saturation function in its structure. The
rimary joint velocity controller (12)–(13) used together with
he kinematic controller with linear PD terms in (43) assure the
symptotic convergence of the position error ỹ(t), which can be
emonstrated by using a similar analysis to one showed in Section
.

In order to keep a fair comparison scenery, the implemen-
ations of the kinematic controllers in (14) and (43) have been
arried out using the proposed joint velocity controller (40)–(41).
esides, the same control gains have been used in both implemen-

ations. Specifically, for the kinematic controllers in (14) and (43)
e selected:

Kpo = diag{1.2, 2.0} [V s/rad],
Kvo = diag{3.0, 3.0} [V/rad],
Index [s] Linear Saturated

Ts,ỹ1 13.4 1.6
Ts,ỹ2 10.5 1.0

while the the joint velocity controller (40)–(41) was tuned with
� = 0.001 [rad/s], and:

K ′
i
= diag{10.0, 10.0} [V s/rad],

K ′
v = diag{0.75, 0.75} [V/rad].

By using the robot model in (36)–(39), with the estimated param-
eters in Table 1, we have compared the performance of the
implemented controllers with respect to numerical simulations,
where non quantized position measurements were assumed.

It is noteworthy that the simulations and experiments have been
designed with the aim of showing the uniform convergence of the
operational space tracking errors [ỹ1(t) ỹ2(t)]T for non zero initial
conditions.

5.3. Kinematic controller with linear PD terms

The first controller tested in simulation and experiment was the
primary joint velocity controller (40)–(41) and the kinematic con-
troller with linear PD terms in (43). In Fig. 3, the trajectory tracking
errors ỹ1(t), ỹ2(t), and the control inputs u1(t), u2(t), are shown. It is
observed matching between the numerical simulation and the real-
time execution of the controller. Fig. 4 shows the simulation and
experimental results for the desired accelerations ω̇d1(t), ω̇d2(t),
which remain bounded for all time. In addition, Fig. 4 also shows
the Cartesian path y2(t)vs.y1(t) obtained experimentally, where the
convergence to the circular contour is appreciated.

5.4. Kinematic controller with saturated PD terms

The results for the operational space controller described by the
primary joint velocity controller (40)–(41) and the kinematic con-
troller with saturated PD terms in (14) are described as follows.
The parameters �p = 5.0, �v = 1.5, l = 5.0 and s = 5.1 were used in
the saturation function (15). Figs. 5 and 6 depict the time history of
the trajectory tracking errors ỹ1(t), ỹ2(t), the control inputs u1(t),
u2(t), the desired accelerations ω̇d1(t), ω̇d2(t), and the Cartesian
path y2(t)vs.y1(t). Similarly, matching of the numerical simulation
and the real-time execution is appreciated.

5.5. Remarks

As predicted by theory, and corroborated in Figs. 3 and 5, the use
of linear and saturated kinematic controllers guarantees the track-
ing of the Cartesian trajectory yd(t) in (42). However, as shown in
Table 2, the obtained settling times for kinematic controller with
saturated PD terms are drastically smallers. The reason is that as
the operational space errors ỹ1(t), ỹ2(t), approach to zero, the slope
of the saturation functions is increased. This implies an intensifica-
tion of the rate at which the time response of the system is settled.
On the other hand, from Figs. 4 and 6 is observed that no impor-
tant differences in the bounding of the desired acceleration ω̇d(t)
are found in the two implementations, although further numer-
ical simulations with the kinematic controller with saturated PD

terms (14) showed uniform bounding of the desired acceleration
for different operation conditions. Another important observation
is the high frequency oscillations in the time history of the control
inputs u1(t), u2(t). A previous simulation study showed that those
oscillations are occasioned by the quantized measurement of the
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Fig. 3. Kinematic controller with linear PD terms: simulation and experiment of the time histories of the tracking errors ỹ1(t) and ỹ2(t), and the control input u1(t) and u2(t).
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Fig. 4. Kinematic controller with linear PD terms: simulation and experiment of the time histories of the desired acceleration ω̇d1(t) and ω̇d2(t), and experimental result of
y2(t)vs.y2(t).
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Fig. 5. Kinematic controller with saturated PD terms: simulation and experiment of the time histories of the tracking errors ỹ1(t) and ỹ2(t), and the control input u1(t) and
u2(t).
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oint position, velocity estimation via Euler approximation and the
iscrete implementation at 1 kHz of sampling rate.

. Summary

A feedback structure composed by a primary joint velocity con-
roller and a kinematic controller with saturated PD terms was
ntroduced. The new scheme achieves motion control in the oper-
tional space of the robot manipulator. By using stability theory of
ascaded nonlinear systems, the uniform asymptotical stability of
he closed-loop system was proven in a rigorous way. Our study
ncluded experimental evaluations, where the ability of the new
ontroller to draw a circular contour in the Cartesian space of a two
egrees-of-freedom robot was verified.
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