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he velocity field control of robot manipulators is addressed in
his paper. The proposed algorithm has a hierarchical structure
ased on a velocity field kinematic control scheme for joint veloc-
ty resolution and an inner loop of joint velocity control that uses
n observer for friction compensation. Experiments on a two
egrees-of-freedom direct-drive arm illustrate the performance of
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Introduction
Motion control of robot manipulators in operational space is

pecified in terms of a desired timed trajectory yd�t� for the end-
ffector pose y. Then the motion control aim is to ensure the limit

lim
t→�

�yd�t� − y�t�� = 0 .

n other words, the goal is that end-effector pose y�t� achieves
symptotic tracking of the desired timed trajectory yd�t�. The mo-
ion control—or trajectory tracking control—of robot manipula-
ors in operational space has been widely addressed in the litera-
ure. See �1� for a survey on operational space tracking control.
igure 1 illustrates the concept of trajectory tracking control.
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The passive velocity field control was introduced in �2,3�, and it
has been reconized as an alternative to motion control �4�. In this
control philosophy, the task to be accomplished by the robot is
coded by a smooth desired velocity vector field defined in the
operational configuration space G and denoted as a map

v�y�: G → TG
y � v�y�

where TG denotes the tangent bundle of G �5�. A velocity field
defines a tangent vector at every point of the robot operational
configuration space. Figure 1 illustrates the specification of mo-
tion by means of a velocity field. This figure depicts a velocity
field defined in the three dimensional Cartesian space of a robot
arm that assigns a desired velocity vector �arrow� to each point in
the task space. Let us notice that in many application the timing of
the desired trajectory is unimportant with respect to the coordina-
tion and synchronization requirements between the various de-
grees of freedom. In this way, velocity field control approach is
particularly well suited to contour following tasks for machining
operations such as cutting, milling, and deburring �6�.

The velocity field control has been reformulated in �4� without
considering closed-loop passivity requirements:

The velocity field control objective in operational space is es-
tablished as the design of the torques input � so that

lim
t→�

�v„y�t�… − ẏ�t�� = 0 , �1�

where the difference between the desired velocity field v�y� and
the manipulator end-effector velocity ẏ defines the velocity field
error.

Thus, instead of requiring the arm end-effector tip to be at
specific location at each instant time, as it is imposed in the tra-
jectory tracking control, in velocity field control the arm follows
out the flow lines of the desired velocity field, as can be seen in
Fig. 1.

The kinematic control concept �1,7�, deals with the problem of
controlling the end-effector pose, assuming that the joint veloci-
ties are the robot inputs. This assumption only is allowed when a
suitable joint velocity control loop is utilized. To solve the veloc-
ity field control a control strategy based on a hierarchical structure
is proposed in this paper �see Fig. 1�. This structure consists of
using the kinematic control concept for joint velocity resolution
and an asymptotically stable joint velocity controller.

The dynamics in joint space of a serial-chain n-link robot ma-
nipulator considering the presence of friction at the robot joints
can be written as �1�

M�q�q̈ + C�q,q̇�q̇ + g�q� + f�z,q̇� = � �2�

where q is the n�1 vector of joint displacements, q̇ is the n�1
vector of joint velocities, � is the n�1 vector of applied torque
inputs, M�q� is the n�n symmetric positive definite manipulator
inertia matrix, C�q , q̇�q̇ is the n�1 vector of centripetal and Co-

riolis torques, g�q� is the n�1 vector of gravitational torques, and
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�z , q̇� is the n�1 vector of torques due to the friction that de-
ends on the joint velocity q̇ and an unmeasurable internal state
�Rn, which will be defined below.
One of the simplest dynamic models—based on a bristle deflec-

ion interpretation—is the Dahl’s model �8�, which, including vis-
ous friction, can be described by

ż = − ��q̇�z + q̇ , �3�

f�z,q̇� = �0z + Fvq̇ , �4�

here Fv=diag�fv1
, . . . , fvn

� is a positive definite diagonal matrix
hat contains the viscous friction coefficient of each joint, �0
diag��01

, . . . ,�0n
� is a positive definite diagonal matrix “stiff-

ess” parameter of each joint and

��q̇� = diag��01

fC1

�q̇1�, . . . ,
�0n

fCn

�q̇n�	
s a positive semidefinite diagonal matrix where fCi

denotes the
oulomb parameter for each joint i=1, . . . ,n. It can be shown that

his friction model satisfies the requirements stated in �9� to get a
assive operator from velocity q̇ to friction force f.

Denoting h�q� :Rn→Rm the robot direct kinematics �m�n�,
hen the position and orientation y�Rm of the end effector is
iven by

y = h�q� . �5�
he time derivative of the direct kinematic model �5� yields the
ifferential kinematics

ẏ =
d

dt
h�q� =

�h

�q
q̇ = J�q�q̇ �6�

here J�q� is the so-called analytical Jacobian matrix �1�. In this
aper the analytical Jacobian J�q� is assumed of full-rank �rank
m� and bounded by kJ, i.e.,


J�q�
 � kJ, " q � Rn. �7�

This paper is organized as follows. In Sec. 2 we deal with
elocity field control for robot manipulators. In Sec. 3, experimen-
al results carried out on a direct-drive robot arm are shown. Fi-
ally, some concluding remarks are drawn in Sec. 4.

Throughout this paper the following notation will be adopted.
x
=�xTx stands for the norm of vector x�Rn. �m�A�x�� and

M�A�x�� denote the minimum and maximum eigenvalues of a
ymmetric positive definite matrix A�x��Rn�n for all x�Rn, re-
pectively.

Velocity Field Control

2.1 Velocity Field Kinematic Control. In this paper we as-
ume that the desired velocity field v�y� is bounded in the sense
hat

m

ig. 1 „a… Trajectory tracking control in Cartesian space; „b…
elocity field control in Cartesian space

v�y�
 � 
v
M, " y � R , �8�
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where 
v
M is a strictly positive constant.
Under the optics of kinematic control, the joint velocity q̇ is

considered as the input for the system given by the differential
kinematics �6�. In virtue that the robot Jacobian J�q� was assumed
full-rank and bounded, we proposed the following control law to
generate the desired joint velocity �d

�d = J�q�†�v�y� + K�� , �9�

�̇ = v�y� − ẏ , �10�

where K is an m�m symmetric positive definite matrix. Suppose
momentarily that the robot at hand is equipped with an ideal joint
velocity control system guaranteeing that the actual joint velocity
q̇ matches the desired joint velocity �d, i.e.,

q̇�t� � �d�t� . �11�
Then, substituting �9� into �6� leads to

�̇ = − K� .

Because K is a symmetric positive definite matrix, then exponen-
tial vanishing of the velocity field error is guaranteed, i.e., the
limit �1� is attained. Thus, the control law �9� and �10� will guar-
antee the velocity field control objective as long as the velocity
matching assumption �11� holds.

However, most of velocity controllers used in practice
assure—in the best case—only asymptotic velocity tracking in-
stead of exact tracking. The consequence of this fact is that the
velocity matching assumption �11� may fail in practice depending
on the manipulator servo system and the range of requested de-
sired joint velocity �d. Let us define the joint velocity error as
�̃=�d− q̇. Thus, the velocity field error dynamics results

�̇ = − K� + J�q��̃ . �12�
Practical implementation of the kinematic velocity field control

law �9� and �10� requires the design of a joint velocity controller.
The resulting control structure is named hierarchical velocity field
control. See Fig. 2 for a block diagram.

2.2 Inner Loop Based on PD Control With Compensation.
Inspired in the PD control with compensation, derived from the
nonadaptive version of the motion controller proposed by Slotine
and Li �10�, the following joint velocity controller has been intro-
duced in �11�:

� = M�q���̇d + ��̃� + C�q,q̇���d + ��� + g�q� + Kv�̃ + Ki�

+ Fvq̇ + �0ẑ �13�

� = �̃ �14�

where Ki and Kv denote n�n definite positive matrices, �
=Kv

−1Ki, the desired joint velocity �d is given in �9�, and ẑ is an
estimation of the internal state z of the friction model �3� and �4�.
The corresponding observer for ẑ is described by

ˆ̇ ˙ ˆ

Fig. 2 Block diagram of the hierarchical velocity field control
z = − ��q�z + �d + �� . �15�
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The closed-loop system is obtained by substituting the control-
er �13� and �14� into the robot model �2�–�4�, and utilizing the
elocity field error dynamics �12� yields

d

dt

�

�

�̃

z̃
�

=

− K� + J�q��̃

�̃

M�q�−1�− C�q,q̇���̃ + ��� − Kv�̃ − Ki� − �0z̃� − ��̃

− ��q̇�z̃ + �̃ + ��
�

�16�

here z̃= ẑ−z is the observation error of the internal state z. An
quilibrium point of the nonlinear and nonautonomous system
16� is the state space origin. Motivated by the analysis presented
n �12�, we propose the following Lyapunov function

V��,�,�̃, z̃� =
1

2
��̃ + ���TM�q���̃ + ��� + �TKi� +

1

2
z̃T�0z̃

+ 	�T� ,

here

4�m�Kv��m�K�
kJ

2 
 	 
 0, �17�

his is a globally positive definite function as well as radially
nbounded and decrescent. After some algebra, we have that the
ime derivative of V�� ,� ,�̃ , z̃� along the trajectories of the
losed-loop system �16� is

V̇��,�,�̃, z̃� = − �̃TKv�̃ − �TKiKv
−1Ki� − z̃T�0��q̇�z̃ − 	�TK�

+ 	�TJ�q��̃ .

aking a upper bound on V̇�� ,�̃ , z̃� we obtain

�18�

t should be noticed that inequality �18� has been obtained and the
irtue that �0��q̇� is positive semidefinite and using the bounded
obot Jacobian assumption �7�. The matrix Q in �18� is positive
efinite if and only if inequality �17� is satisfied. Because 	 can be

lways chosen so that V̇�� ,� ,�̃ , z̃� is globally negative semidefi-
ite, and invoking the Lyapunov direct method �13�, the origin of
he state space of �16� is a uniformly stable equilibrium. Because
�� ,� ,�̃ , z̃� is radially unbounded, the functions � ,� ,�̃ , z̃�L�

n ,
hich together with inequality �8�, and the assumption of bounded

obot Jacobian J�q�, implies that �̇ , �̇ , �̇̃ , ż̃�L�
n . Besides, integrat-

ng inequality �18� with respect to time it is possible to show that
,� ,�̃�L2

n. Finally, the conclusion ���t�T��t�T�̃�t�T�T→0 as t

� is derived by invoking the fact that a bounded and square

72 / Vol. 128, SEPTEMBER 2006
integrable function whose time derivative is also bounded must
tend to zero. Therefore, the asymptotic vanishing of ��t� and ��t�,
together to the assumption of bounded robot Jacobian, assure
that—see Eq. �12�—

lim
t→�

�̇�t� = lim
t→�

�v„y�t�… − ẏ�t�� = 0 .

We have shown that the velocity field control objective �1� is
satisfied using the hierarchical controller �9� and �10� and
�13�–�15�.

3 Experimental Evaluation
The experiments presented in this section have been carried out

on a mechanical arm built at the CICESE Research Center. This is
a direct-drive vertical arm with two degrees of freedom whose
rigid links are joined with revolute joints—see Fig. 3—. In �11� a
detailed description of this experimental setup, including the esti-
mated parameters of the Dahl friction model, as well as experi-
mental evidence that the Dahl model captures the real behavior of
the friction in the robot actuators, is introduced.

Fig. 3 Experimental arm
Fig. 4 Desired velocity field used in experiments
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The proposed velocity field v�y� “draws” a circle in the y1
y2 plane, as shown in Fig. 4, where the corresponding desired

peed at each point is approximately 0.65 �m/s�. The control aim
s to drive the arm in such a way that the position of the arm tip
ollows the velocity field, hence to track asymptotically a circle.

Since position error has nonsense in velocity field control, we
ave recurred to the contouring error to assess the performance of
he velocity field controller. The contouring error is defined as
14�

eC�t� = r0 − ��yc1 − y1�t��2 + �yc2 − y2�t��2,

here yc1=0.26 �m� and yc2=0.0 �m� are the circle center coor-
inates and r0=0.085 �m� is the radius. The initial position of the
obot was �q1�0� ,q2�0��T= �60,100�T �deg�.

In order to compare the performance of the Dahl-based joint
elocity controller �13� and �14� we also present experiments us-
ng the compensation of only viscous friction. This yields the
ollowing PD with a compensation based controller

� = M�q���̇d + ��̃� + C�q,q̇���d + ��� + g�q� + Kv�̃ + Ki�

+ Fvq̇ , �19�

ig. 5 PD with compensation+viscous friction compensation:
ontouring error

ig. 6 PD with compensation+viscous friction compensation:
artesian robot path

ig. 7 PD with compensation+Dahl-based friction compensa-

ion: Contouring error

ournal of Dynamic Systems, Measurement, and Control
�̇ = �̃ . �20�

The gain for the kinematic control was set to K= �10.0,10.0�
��1/s�. For the velocity controllers, the control gains were Ki

=diag�100.0,400.0��1/s2�, and Kv=diag�15.0,40.0��1/s�. The re-
sults of the implementation of the kinematic velocity field control
�9� and �10� with the joint velocity controller �19� and �20�, which
uses only the compensation of viscous friction, are shown in Figs.
5 and 6. They show the contouring error and the Cartesian robot
path. On the other hand, the results corresponding to kinematic
velocity field control �9� and �10� with the joint velocity controller
�13� and �14�, which considers Dahl-based friction compensation,
are shown in Fig. 7 that depict the contouring error, and Fig. 8,
where the Cartesian robot path is drawn. Both experiments show
good following of the desired velocity field since the arm tip is
successfully guided toward the circular contour. In steady state,
the peak value of the contouring error is 0.0024 �m� for viscous
friction compensation, and 0.000 86 �m� for Dahl-based friction
compensation. Using the latter controller, the performance is en-
hanced by 64.16% with respect to the former. This shows the
advantage of using friction compensation based on the Dahl
model.

4 Summary
To solve the velocity field control objective, a hierarchical

structure of kinematic control for the resolution of desired joint
velocity and an asymptotically joint velocity controller with fric-
tion compensation was proposed. Experimental results showed
that the compensation of friction based on the Dahl model pre-
sents better performance than the compensation of only viscous
friction.
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